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Abstract—Two new decoding schemes for Turbo Gallager codes
transmitting over the binary erasure channel are presented. The
first decoder uses an optimised iterative decoder based on a
Look-Up Table improving on an earlier published result. The
second decoder arrangement uses the first decoder followed by
an “In-Place” matrix inversion algorithm designed to free the
stopping sets. Results are presented which show that the latter
arrangement achieves maximum likelihood performance. The
complexity and performance of both decoders is analysed and
evaluated.

I. I NTRODUCTION

The first iterative decoding algorithm for LDPC codes over
the Binary Erasure Channel (BEC)[1] was proposed by Luby
[2], who showed that this scheme approaches channel capacity
arbitrarily closely. Finite-length analysis of LDPC codesover
the BEC was described in [3]. Turbo codes also have near-
capacity performance with low decoding complexity since
their introduction by Berrou [4]. It is known that a code
with a minimum Hamming distance ofd can correct up to
d − 1 erasures and Rosnes showed that turbo codes are easy
to design for a given minimum Hamming distance due to
the existence of efficient weight spectrum algorithms [5]. He
also showed that stopping sets exist for turbo codes and they
characterise exactly the performance of turbo decoding on
the BEC[6]. However asymptotic results [7], [8] indicate that
LDPC codes could potentially have lower error floors than
turbo codes. With this rationale, Colavolpe [9] proposed a new
scheme that combines the advantages of turbo codes with those
of LDPC codes, now known as Turbo Gallager codes (TGC).

This letter proposes two new decoding schemes for Turbo
Gallager codes over BEC. The first decoder uses an optimised
iterative decoder based on a Look-Up Table (LUT). It is shown
that the LUT decoder described in [10] for convolutional codes
may be simplified and applied to Turbo Gallager codes. Since
this decoder like all iterative decoders suffers from stopping
sets, a second decoding scheme referred to as the “Hybrid
decoder” is proposed. This combines the LUT decoder with an
“In-Place” matrix inversion algorithm [11] to free the stopping
sets. The complexity and performance of both decoders is
analysed and evaluated.

II. OPTIMISED ITERATIVE LUT DECODER

The first table look-up based approach for decoding based
on the syndrome trellis was introduced by Schalkwijk [12]

for convolutional codes over binary symmetric channel. A
fast LUT decoding algorithm working on the decoding trellis
was described in [10] for convolutional codes over erasure
channel. The fast LUT decoding algorithm uses three LUTs
to represent the forward recursionαi, backward recursion
βi and output probability function, and is a simplification in
complexity compared to the standard MAP decoder. However
the LUT decoding algorithm may be further simplified. It is
shown in Appendix A that the non-zero values ofα or β
are always identical. Consequently the values ofαi and βi

may be represented by a single bit with a “1” representing
a non-zero value state and a “0” representing a zero value
state. Thus two binary vectors can be used to represent the
values ofα andβ at each trellis section and a more efficient
decoding arrangement may be realised by constructing a Look-
Up table, which includes two vectors of binary numbers to
represent the final transitions, and one vector to representthe
conditions of received bits. In the decoding process, the trellis
section containing erased information is converted to obtain
the final transition binary numbers. By looking up the table,
it is possible to obtain directly the corrected informationbits,
or decoding failure.

Complexity Analysis: Letne be the number of data erasures
at the input to the decoder, wherēne = (k · ǫ), k is the length
of information bits andǫ is the erasure probability. With each
iteration of the iterative decoder, the number of erasures is
reduced. Letni

e be the number of erasures at iterationi, and
ns is the number of states in the trellis,No represents the
total number of operations,ni is the number of iterations.
For the standard turbo decoder, we consider the number of
computations including the probability assignment,α, β and
γ recursion computations. Thus the number of operationsN IS

o

for one block withni iterations is obtained as:

N IS

o (k) =

ni∑

i=1

(3k + 16kns) (1)

For the proposed LUT decoder, the number of operations
N IO

o for one block withni iterations excluding the Look-Up
table construction is :

N IO

o (ne) =

ni∑

i=1

(8kns + 8ni
ens) (2)

The comparison between the complexity of the standard turbo
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Fig. 1. Complexity Comparison between Standard Turbo and Optimised
Iterative LUT Decoder

TABLE I
NUMBER OF OPERATIONS FORDECODED AND UNDECODEDBLOCKS

Blocks Number of OperationsNo

DecodedND
o (ne) N

IO
o

UndecodedNU
o (ne) ND

o (ne) +
n(n

ni
e −1)(2k−n

ni
e )

64
+

n(m−1)n
ni
e

32

decoder and the optimised iterative LUT decoder is shown in
Fig. 1, and the reduction in complexity is apparent.

III. H YBRID DECODER

The idea of the hybrid decoder is to allow the iterative LUT
decoder to decode the received codewords until either correct
decoding is achieved or a stopping set is reached, in which
case, the unsolved erasure pattern is passed to the “In-Place”
decoder to attempt to free the stopping sets.

By considering the structure of Turbo Gallager codes and
the usage of 32-bit integer as the storage media, the number
of operationsN IP

o for the “In-Place” decoder is:

N IP
o (ne) =

n(ne − 1)(2k − ne)

64
+

n(m − 1)ne

32
(3)

wherem is the memory of the component code shift register.
Since the hybrid decoder includes the LUT decoder, the entire
complexity is equal to the LUT decoder plus the complexity
of the “In-Place” algorithm to solve the stopping sets, when
stopping sets exist. The complexity of hybrid decoding is
given in Table I, where the blocks decoded correctly by the
iterative decoder are denoted as “Decoded”, and the blocks
which still contains erasures after LUT decoder are denoted
as “Undecoded”, andnni

e is the number of erasures left after
LUT decoder.

IV. RESULTS

The results for the TGC (15/13) (1536,512) code, with
the standard iterative decoder and optimised iterative LUT
decoder, hybrid decoder, and ML decoder are shown in Fig. 2.
From the results, it can be seen that at any probability of
erasureǫ, the hybrid decoder achieves the same performance
as the ideal, ML decoder. Asǫ is reduced, the performance of
optimised iterative LUT decoder gradually reaches the ML
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Fig. 2. Results of Turbo Gallager Codes (15/13) (1536,512)
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Fig. 3. Complexity Comparison between ML and Hybrid Decoder

decoder performance. As is well known, the ML decoder
for the erasure channel is practically realisable but with
complexity proportional ton3

e. A recent example is described
in [11]. A comparison in complexity between the ML decoder
and the hybrid decoder is shown in Fig. 3. The complexity
benefits of the hybrid decoder compared to ML decoding are
a function ofǫ and the TGC parameters. For values ofǫ below
0.6, the complexity is similar to the iterative LUT decoder.For
values ofǫ above 0.65, the complexity of the hybrid decoder
is approaching that of full ML decoding.

V. CONCLUSION

Two new decoders using Turbo Gallager codes have been
proposed for the erasure channel. The optimised LUT iterative
decoder is shown to have better performance than the standard
iterative Turbo decoder and to have significantly reduced
complexity. Whilst neither of these low complexity decoders
can equal ML decoding, it is shown that the proposed hybrid
decoder does match the ML decoder in performance and at
reduced complexity.

APPENDIX A
PROOF THATα AND β NON ZERO VALUES ARE ALWAYS

EQUAL FOR THE ERASURE CHANNEL

The probability of a decoded bitdt is computed as the sum
of the probability of all transitions that are generated bydt = i.
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TABLE II
TRANSITIONS AND STATES RELATIONSHIP FORSStart=2n , n ∈ N

Data/ No. of End No. of No. of Trans
Parity States Transitions End State
d/d 2n

→ 2n−1/ 2n(2n+1) 2n−1(2n+1) 1
d/e 2n

→ 2n 2n 1
e/d 2n

→ 2n 2n 1
e/e 2n

→ 2n/2n+1(2n+1) 2n+1 2/1(2n+1)

According to

P (dt = i) =
1

P (Rk
1)

∑

m′,m|dt(m′,m)=i

λt(m
′, m) (4)

where

λt(m
′, m) = P (St−1 = m′, St = m, Rk

1) (5)

is the joint probability ofSt = m andSt−1 = m′. By elim-
inating the constantP (Rk

1), the joint probability is described
as:

λt(m
′, m) = αt−1(m

′)γt(m
′, m)βt(m) (6)

and based on the Bayes’ rules,αt(m) andβt(m) are obtained
as:

αt(m) =
∑

m′

αt−1(m
′) · γt(m

′, m) (7)

βt(m) =
∑

m′

βt+1(m
′) · γt+1(m, m′) (8)

For each possible transition, sinceRt = {xt, yt}, andxt =
i, yt = i are mutually exclusive, the transition probability
γt(m

′, m) at time t for dt(m
′, m) is:

γt(m
′, m) = P (xt = i|St = m, St−1 = m′) ·

P (yt = i|St = m, St−1 = m′) (9)

For λt(m
′, m) to be non-zero in (6), the three terms of

αt−1(m
′), βt+1(m

′) and γt(m, m′) must be non-zero. From
(7), it is clear thatαt(m) only depends on the valueγt(m

′, m),
if αt−1(m

′) is non-zero. Similarly, from (8),βt(m) only
depends on the valueγt+1(m, m′), if βt+1(m

′) is non-zero. In
order to make sureγt(m, m′) is non-zero, firstly the transition
should be possible, which meansP (St = m|St−1 = m′) = 1.
In addition, the probabilities for both data and parity bit
over the transition should be non-zero fordt(m

′, m) = i,
which meansP (xt = i|St = m, St−1 = m′) 6= 0 and
P (yt = i|St = m, St−1 = m′) 6= 0. The relationship between
transitions and states are shown in Table II, whereSStart is
the number of start states, “d” represents a known bit and “e”
an erasure,N is the set of nature number.

For all conditions ofd/d, d/e, e/d ande/e, sinceαt−1(m
′)

or βt+1(m
′) are known as equal, the values ofαt(m) or βt(m)

only depend on the product ofP (xt = i) and P (yt = i)
for dt(m

′, m) = i which are the transition probabilities. All
possible transition probabilities are shown in Table III. For all
conditions of the received data and parity bits, the transition
probabilities take only the values of “0” or the same nonzero
value which is from the set of “{1, 0.5, 0.25}”. According to
(7) and (8),αt(m) or βt(m) if non zero , will be computed
with the same value. Hence during theα or β recursions, the

TABLE III
PRODUCT OFPOSSIBLETRANSITION PROBABILITIES

Data/Parity Data (xt = i) Parity (yt = i) Transition Probability
d/d 0,1 0,1 0,1
d/e 1,0 0.5 0,0.5
e/d 0.5 0,1 0,0.5
e/e 0.5 0.5 0,0.25

non zero values ofα or β, at any condition, are equal at any
given trellis section.
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