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Weôd like toé

·Describe a single joint of an otherwise complex robot

·Describe a controller for the single joint

·Describe how to deal with the math of multiple joints

·Describe which approximations weôre taking in this 
ñsimpleò description of the robot

·Show that we could do better if weôre ready to do 
more complex stuff
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Notation
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F mv mx
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= = Since links are physical objects with mass

Jt J= J = moment of inertia
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F rt= ³



Moment of inertia
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Parallel axis theorem

RobotDoc 2010

2

cJ J Mr= +

Through the 

center of gravity



Example
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Sum of J
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Experimental estimation of J
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torsional springobject
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K
f

Jp
=

Use a photodiode and a computer to measure the

frequency

Requires calibration from known J



Experimental estimation of J
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Work and power
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s
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W Fds=ñ , energyW E E=D =

E const= if 0extF =ä

dW
P

dt
= Power ­ P Fv=

21

2
K mv= kinetic energy



Rotational case
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Single joint model
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motor
reduction

gears

link/load

end-point



Motor
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·Letôs imagine for now that it is something that 
generates a given torque



Mechanical transmission

RobotDoc 2010

·Gears

·Belts

·Lead screws

·Cables

·Cams

·etc.



Gears
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·Distance traveled is the same:

N1

N2

1J

2J

1 1 2 2r rJ J=

ÅBecause the size of teeth is the same:
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N N

r r
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Furthermoreé
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·No loss of energy
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Combiningé
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Equivalent J
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·J as seen from the motor
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In reality
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·Where his the efficiency of the mechanism (from 0 
to 1)

·his related to power, speed ratio doesnôt change

·his also the ratio of input power vs. power at the 
output

2 1

1

TR
t t h=



For example
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Example
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Motion conversion
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·Start with

2
2 1

1

N

N
t t=

ÅDesign TR , more torque (usually)
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1TR<



Viscous friction
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·Easy:
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Lead screw
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·Rotary to linear motion conversion 
(P=pitch in #of turns/mm or inches)

motor

mass/load
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Harmonic drives

From the harmonic drive website

http://www.harmonicdrive.de

http://www.harmonicdrive.de/


Gearhead (for real)
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Standard (serial)

Planetary



Example
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·Designing the single joint

¹Given:

2

max max max maxeq eq loadJ J J TRJ t J t J JÝ = Ý = =

ÅThen taking into account some more realistic 

components:
2

max maxload

TR
Jt J

h
=



Example (continued)
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2

max maxload

TR
Jt J

h
=

max maxgiven get P Pt J J= Ý Ý

motor power, from catalog

This guarantees that the motor can still deliver maximum torque at maximum speed



More on real world components
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·Efficiency

·Eccentricity

·Backlash

·Vibrations

·To get better results during design mechanical 
systems can be simulated



Control of a single joint
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microprocessor actuator mechanics sensor

amplifier
reference



Components
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·Digital microprocessor:
¹Microcontroller, processor + special interfaces

·Amplifier (drives the motor)
¹ Turns control signals into power signals

·Actuator
¹E.g. electric motor

·Mechanics/load
¹ The robot!

·Sensors
¹ For intelligence



Actuators
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·Various types:
¹ AC, DC, stepper, etc.

¹ DC

ėBrushless

ėWith brushes

·Weôll have a look at the DC with brushes, simple to 
control, widely used in robotics



DC-brushless
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DC with brushes
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Modeling the DC motor
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·Speed-torque and torque-current relationships are 
linear



In particular
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current-torque

speed-torque

stall torque

No-load speed



Real numbers!
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http://www.minimotor.ch

http://www.minimotor.ch/


Electrical diagram
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armV

aR aL

lR gE
+

( )g EE t Kw=



Meaning of components
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·Armature resistance (including brushes)

·Armature voltage

·Losses due to magnetic field

·Back EMF produced by the rotation of the 
armature in the field

·Coil inductance

armV

aR

aL

lR

gE



We can writeé
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which is the case at the frequency of interest, and we also 
haveé

( )arm a a a a EV R I L I t Kw= + +

T aK It=

al RR <<for   



On torque and current
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lorentzF qv B= ³

F iL B= ³



Thus for many coilsé
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Back to motor modelingé
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·Torque generated

·Inertia of the motor

·Inertia of the load

·Friction

·Gravity

( ) ( ) ( )M L f grJ J t B tt w w t t= + + + +

t

MJ

LJ

ft

grt



Furthermoreé
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( )arm a a a a EV R I L I t Kw= + +

T aK It=

( ) ( ) ( )M L f grJ J t B tt w w t t= + + + +



Consequently
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·A linear system of two equations (differential)

·Q: can you write a transfer function from these 
equations?

·Q: can you transform the equations into a block 
diagram?



By Laplace-transforming
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and finally
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·Considering gravity and friction as additional 
inputs

2

( )

( ) [( ) ] ( )

T a T

arm a T a a T T E a a T

K L Js

V s s R J L B L J s K K R B L J

w
=
+ + + +



Block diagram
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Analysis tools
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·Control: determine V a so to move the motor as 
desired

·Root locus
·Pole placement
·Frequency response
·Etc.



First block diagram
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Root locus
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Changing K
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Letôs add something, second diagram
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Analysis
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Root locus (case 1)
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Root locus (case 2)

RobotDoc 2010

1

at
-

1

mt
-

jw

s

p

g

K

K
-

1p

g m

K

K t
>



Overallé
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Error and performance
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finally
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·For zero error K must be 1 or the control structure 
must be different
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Same line of reasoning
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·Final value due to friction and gravity
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PID controller
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PID controller
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·We now know why we need the proportional

·We also know why we need the derivative

·Finally, we add the integral
¹ Integrates the error, in practice needs to be limited 



Interpreting the PID
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·Proportional: to go where required, linked to the 
steady-state error

·Derivative: damping

·Integral: to reduce the steady-state error



Global view
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microprocessor actuator mechanics sensor

amplifier
reference

OKOK



About the amplifiers
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·Linear amplifiers

¹H type

¹ T type

·PWM (switching) amplifiers



Letôs consider the linear as a starting point
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ccV



H-type
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·The motor doesnôt have a reference to ground 
(floating)

·Itôs difficult to get feedback signals (e.g. to measure 
the current flowing through the motor)



T-type
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ccV

ccV-



On the T-type
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·Bipolar DC supply

·Dead band (around zero)

·Need to avoid simultaneous conduction (short 
circuit)



Things not shown
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·Transistor protection (currents flowing back from 
the motor)

·Power dissipation and heat sink
¹ Cooling

·Sudden stop due to obstacles

¹ High currents ­ current limits and timeouts



T-type
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PWM amplifiers
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same current


