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1. Introduction (Vectors)

The base vectors in two dimensional Cartesian coordinates are the
unit vector ¢ in the positive direction of the x axis and the unit vector
j in the y direction. See Diagram 1. (In three dimensions we also
require k, the unit vector in the z direction.)

The position vector of a point P(z,y) in two dimensions is xt + yj .
We will often denote this important vector by 7. See Diagram 2. (In
three dimensions the position vector is r = zi + yj + zk .)

Y Diagram 1 Y Diagram 2
P(z,y)
. T .
J YyJ
0 2 . 0 i a3
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The vector differential operator V | called “del” or “nabla”, is defined
in three dimensions to be:

o. 0. 0

Note that these are partial derivatives!

This vector operator may be applied to (differentiable) scalar func-
tions (scalar fields) and the result is a special case of a vector field,
called a gradient vector field.

Here are two warming up exercises on partial differentiation.

Quiz Select the following partial derivative, 82 (zyz®).
2

(a) a?yz*=t, (b) O, (¢) axylog,(2), (d) yz*L.

Quiz Choose the partial derivative 82 (zcos(y) + y).
x

(a)  cos(y), (b)  cos(y) —xzsin(y) + 1,
(¢) cos(y)+asin(y) +1, (d) —sin(y).
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2. Gradient (Grad)

The gradient of a function, f(z,y), in two dimensions is defined as:

gradf(z,) = Vf(a,1) = i+ 503

The gradient of a function is a vector field. It is obtained by applying
the vector operator V to the scalar function f(z,y). Such a vector
field is called a gradient (or conservative) vector field.

Example 1 The gradient of the function f(x,y) = x+y? is given by:

0 0
Vi(z,y) = ai +8£

0 i D
= (14+0)i+ (0+2y)j

= i+2y5.
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Quiz Choose the gradient of f(z,y) = z2y>.
(a)  22i+3y°j, (b)  a?i+y’s,
(c) 2wy3i+32%y%j, (d)  y*i+a2j.

The definition of the gradient may be extended to functions defined
in three dimensions, f(x,y, 2):

of. of . Of
Vilx,y) = =1+ =— —k.
flay) =g i+ 900 * a2
EXERCISE 1. Calculate the gradient of the following functions (click
on the green letters for the solutions).

(8) flz,y) =2 +3y°, (b) fa.y) = VET S,
(¢) F(w,y2) = 32> G+ cos(32) , (d) f(z,y,2) = !

/x2+y2—|—22’

. (f) f(x,y,z) =sin(z)e? In(z).

(e) flz,y)= m,
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3. Directional Derivatives
To interpret the gradient of a scalar field

of. of. 0
Vf(x,y,2)2£1+£3+£k,

note that its component in the ¢ direction is the partial derivative of
f with respect to x. This is the rate of change of f in the x direction
since y and z are kept constant. In general, the component of V f in
any direction is the rate of change of f in that direction.

Example 2 Consider the scalar field f(z,y) = 3z + 3 in two dimen-
sions. It has no y dependence and it is linear in x. Its gradient is
given by

0 .0 .
Vi = %(3x+3)z+a—y(3x+3)g
= 3i+0j.

As would be expected the gradient has zero component in the y di-
rection and its component in the z direction is constant (3).
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Quiz Select a point from the answers below at which the scalar field
f(z,y, 2) = 2%yz — xy*2 decreases in the y direction.

(‘d) (177152% (b) (1,1,1),
(C) (_17172)a (d) (1,0,1).

Definition: if n is a unit vector, then n- V f is called the directional
derivative of f in the direction n. The directional derivative is the
rate of change of f in the direction 7.

Example 3 Let us find the directional derivative of f(x,y,) = z%yz
in the direction 44 — 3k at the point (1,—1,1).

The vector 44 — 3k has magnitude /42 + (—3)2 = /25 = 5. The unit
vector in the direction 4 — 3k is thus i = 1 (44 — 3k).

The gradient of f is

I T ¢ L NP o
Vf = e (v7y2)i + a9 (v7yz)j + % (zy2)k

2ayzi 4+ 1225 + 22yk
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and so the required directional derivative is
n-Vf = %(47, —3k) - (2zyzi + 2°2j + 22yk)
= % [4 % 2zyz+ 0 — 3 x 2”y] .
At the point (1,—1,1) the desired directional derivative is thus
ﬁ-Vf:%[Sx (-1) =3 x(-1)]=-1.

EXERCISE 2. Calculate the directional derivative of the following func-
tions in the given directions and at the stated points (click on the
green letters for the solutions).

(a) f =322 —3y? in the direction j at (1,2,3).
(b) f =+/2?+ y? in the direction 24 + 25 + k at (0,—2,1).

(¢c) f=sin(x) + cos(y) + sin(z) in the direction 7t + 73 at (7,0,7).
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We now state, without proof, two useful properties of the direc-
tional derivative and gradient.

e The maximal directional derivative of the scalar field f(z,y, 2)
is in the direction of the gradient vector V f.

e If a surface is given by f(z,y, z) = ¢ where ¢ is a constant, then
the normals to the surface are the vectors £V f.

Example 4 Consider the surface 2y = z +2. To find its unit normal
at (1,1, —1), we need to write it as f = 29> — 2 = 2 and calculate the
gradient of f:

V=% +3zy’) — k.
At the point (1,1,—1) this is Vf =4+ 35 — k. The magnitude of
this maximal rate of change is

V124324 (-1)2 = V11.

1
Thus the unit normals to the surface are £ —=(¢ + 35 — k).

V11
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Quiz Which of the following vectors is normal to the surface z2yz = 1
at (1,1,1)7

(a) 4di+75+ 17k, (b) 247 +2k,

(¢) 1+7+Ek, (d -2i—j5-k.
Quiz Which of the following vectors is a unit normal to the surface
cos(x)yz = —1 at (mw,1,1)?

1. 1 .2
(a) _ﬁj+ﬁk (b) 7r7,—1|—]—|—\/1%k,
(C) iv (d) _ﬁ] — Ek

Quiz Select a unit normal to the (spherically symmetric) surface
2% + 9% + 22 = 169 at (5,0,12).

1 1 1 1 1
. Ci b 1, L. *k)
(C) T31+ Bk, (d) —EZ + *k
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4. Final Quiz

Begin Quiz Choose the solutions from the options given.

1. What is the gradient of f(z,y,2) = xyz~1?

(a) it — 2k, ) Lit+ 25— Yk,
202 z
(¢)yz"Yi+ 2zt +2y2z"2k, (d) -
2. If n is a constant, choose the gradient of f(r) = 1/r", where
r=|r| and r = 21 + yj + zk.
nit+3+k nr n r
(a) 0, (b) I RS (c) Tont2o ( )—gm-

3. Select the unit normals to the surface of revolution, z = 2z2 4 2y
at the point (1,1,4).

(a) i\%g(l”rj—k)» (b) i\%(iﬂ'ﬂe),
(c) i\/i(i+j)’ (d) :I:E(Zi—l—Qj —4k) .

End Quiz
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Solutions to Exercises
Exercise 1(a) The function f(x,y) = = + 3y?, has gradient

0
—(z+3y°)j
= (14+0)i+ (0+3x2y* )5

= 1+ 6y7.

Click on the green square to return

13
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Exercise 1(b) The gradient of the function

floy) = Vat + g2 = (2 + %)

is given by:

Viey = Hip -0

- SR A
VR R

Click on the green square to return
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Exercise 1(c) The gradient of the function
f(z,y,2) = 32%\/y + cos(3z) = 3a2y? + cos(3z2),

is given by:

Vf(x7 y7 Z)

195,09

0f,  91;,9f
oz 8 8
é(cos(SZ)) k

a, 1, .
(y )J+az

1 0
= 3y2—(2?)i+ 32> =—
y281‘(x )’l+ €z ay
1 ]_ 1
= 3y? x 2271+ 322 x iyf_lj —3sin(32) k
3 1
= Gy%xi + §x2y_f J —3sin(32) k

= 6zyi+ 7—1 —3sin(32) k.

NG

Click on the green square to return
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Exercise 1(d) The partial derivative of the function

f(x,y,z)z L

/.'1?2 +y2 +22

with respect to the variable x is

— (22> + 228,

of 1 2 -1 8(352) _ €z
ox 2($ Ty )X dr (a2 4y?+22)3
and similarly the derivatives g and g are
dy 0z
of _ vy 9f_ 2

dy (@242 +22)3 0z (224424 22)3
Therefore the gradient is
rt+yg + zk
Vf(l’,y72§):_ 3
@+ + 22}

Click on the green square to return

16
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Exercise 1(e) The gradient of the function

4y 2 -1
fa9) = oy = (et + 1)
is:
Vi(x,y) = 4yx2(x2+1)_1i+(m2+1)_1xgélyj
’ Ox dy

= 4y x (=1)(2? + 1)—1—1%@2 +1)i+42?+1)7
_ 2 -2 ; :
= —dy(z*+1) ><2x7,+(x2+1)3
L 8xy iy 4 .
GEE R

Click on the green square to return
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Exercise 1(f) The partial derivatives of the function

are

of

or

of

dy

of

0z

f(z,y,z) = sin(x)e? In(z)

9 Y — cos Y

Ey (sin(x)) €Y 1In(z) = cos(x) €Y In(z),
0 ) y

sin(z) a—( Y) In(z) = sin(x)e? In(2),

~ y 9 — g vl
sin(x)e E(ln(z)) =sin(z)e -

Therefore the gradient is

V f(x,y,z) = cos(x) e’ In(z)i + sin(z) e¥ In(2)j + sin(z) eyé k.

Click on the green square to return

18
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Exercise 2(a) The directional derivative of the function
f=3z%—3y°

in the unit vector j direction is given by the scalar product j -V f.
The gradient of the function f = 322 — 3y? is

Vf =6xi—6yj
Therefore the directional derivative in the j direction is
3-Vf=7j-(6zi—06yj) =—6y
and at the point (1,2, 3) it has the value —6 x 2 = —12.
Click on the green square to return
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Exercise 2(b) The directional derivative of the function f = /22 + 32
in the direction defined by vector 2z + 25 + k is given by the scalar

product n - V f, where the unit vector n is
2t 425+ k 2i+25+k 2 2
P e B e B = it i+ gk

V22 122 112 NG 3

The gradient of the function f is
j+ ok = 2ty

= + -
/x2+y2z /x2_|_y2 /$2—|—y2

Therefore the required directional derivative is

Vf

. 2, 2. 1 i+ yj 2 x4y
Vi=lzi+zj+zk) | ——= | = -:——.
n-Vf (3l+33+3 > ( /—x2+y2> 322 + 32
2 -2 2 =2 2
At the point (0, —2, 1) it is equal to 2072 2 X — = —=.
302+ (22 3 2 3

Click on the green square to return
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Exercise 2(c) The directional derivative of the function
f =sin(x) + cos(z) + sin(z)
in the direction defined by the vector 7z 4+ 7j is given by the scalar
product n - V f, where the unit vector n is
T+ i+
NN

The gradient of the function f is

'ﬁ,:

V[ = cos(z)i —sin(y)j + cos(z)k .
Therefore the directional derivative is
147

V2
1 oo O
and at the point (7,0, 7 ) it becomes M —

V2

cos(x) — sin(y)

h-Vf= 7
1

- (cos(x)t — sin(y) + cos(z)k) =

[\

Click on the green square to return
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Solutions to Quizzes

Solution to Quiz:
The partial derivative of xyz* with respect to the variable z is

— (zyz®) = zy X — (2%) = xy x x x 207D = g2y(==1)

0z 0z
End Quiz
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Solution to Quiz:

Consider the function f(z,y) = xcos(y) + y, its derivative with re-
spect to the variable x is

a%f(% y) = % (zcos(y) +y)

0] 0
= %(x) x cos(y) + %(y)
= 1xcos(y)+0=cos(y).
End Quiz
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Solution to Quiz:

The gradient of the function f(z,y) = x?y? is given by:

Vf(z,y)

of .  of .
sz—’— 3y'7

0 . 0 .
%(fczyg)Z + a*y(%%ﬁ)]

o
2027 x i 4 22 x 3315

(@) x ¥ + 2 x a%(y?’)j

2233 + 32%y%j5 .

24

End Quiz
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Solution to Quiz: The partial derivative of the scalar function
f(z,y, 2) = 2%yz — xy*2 with respect to y is

—(z,y,2) = x> — 2xyz.

Ay
Evaluating it at the point (1,1,1) gives
0
—f(l,l,l)zlz—Zx1><1><1:1—2:—1.
Ay

This is negative and therefore the function f decreases in the y direc-
tion at this point.

It may be verified that the function does not decrease in the y direction
at any of the other three points. End Quiz
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Solution to Quiz: The surface is defined by the equation
z?yz = 1.

To find its normal at (1,1, 1) we need to calculate the gradient of the
function f(x,vy,z) = x2yz:

Vf = 2axyzi+ 2225 + 22yk.
At the point (1,1, 1) this is
Vi=2i+j5+k

Thus the required normals to the surface are +(2¢ + j + k). Hence
is a normal vector to the surface. End Quiz
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Solution to Quiz: The surface is defined by the equation
cos(z)yz = —1.

To find its unit normal at the point (7, 1,1), we need to evaluate the
gradient of f(xz,y,2) = cos(x)yz:

V f = —sin(x)yzi + cos(x)zj + cos(z)yk .
At the point (7,1, 1) this is
Vi=0+(-1)j+(-Dk=—-3—k
The magnitude of this vector is
(—1)2+ (-1)2 = V2.
Therefore the unit normal is

A=

i
5

End Quiz
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Solution to Quiz: The surface is defined by the equation
22+ % + 22 =169.

To find its unit normal at point (5,0,12) we need to evaluate the
gradient of f(x,y,2) =z + 9% + 22

Vf=2xi+2yj +2zk.
At the point (5,0,12) this is
Vf=2x5i+0xj+2x 12k = 10i + 24k
The magnitude of this vector is
V(2 x5)2+ (2 x12)2 = /4 x (25 + 144) = 21/169 = 2 x 13.

Therefore the unit normal is

End Quiz
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