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1. Introduction (Grad, Div, Curl)

The vector differential operator V , called “del” or “nabla”, is defined
in three dimensions to be:
0 0 0
V=_—13 —k
(‘3xl + 8y‘7 + 0z
The result of applying this vector operator to a scalar field is called
the gradient of the scalar field:

gradf(z,y,z) = Vf(z,y,2) = affz + 8*53 + (,Tf

(See the package on Gradients and Directional Derivatives.)

The scalar product of this vector operator with a vector field F(x,y, )
is called the divergence of the vector field:
oF, 0F, OF;

leF(xvyaz):V'F:E‘Faiy'f—g.
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The vector product of the vector V with a vector field F(x,y, z) is the
curl of the vector field. It is written as curl F(z,y,2) =V X F

_ OF, OF, . 0F; OF . 0F, OF
V x F(x,y,2) = (Ty @)Z (% W)J+(E Ty)k
i j k
_ |9 0 9
| ox Oy 9z |
F F, F

where the last line is a formal representation of the line above. (See
also the package on Divergence and Curl.)
Here are some revision exercises.

EXERCISE 1. For f = 2%y — z and F = xi — 2yj + 2%k calculate the
following (click on the green letters for the solutions).

(a) Vf (b) V-F
(¢c) VXF (d) Vf-VxF
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2. The Laplacian

The Laplacian operator is defined as:

gr @ &P
+ost

2 —_ — —
V= 0x2  0y? 922

The Laplacian is a scalar operator. If it is applied to a scalar field, it
generates a scalar field.

Example 1 The Laplacian of the scalar field f(x,y,z) = zy* + 22 is:

0*f 0%f  0%*f
2 — —
V f((ﬂ,y72) - 8.132 + ayg + 822
0? 0? 0?
= ﬁ(xyz + 23) + 87y2($y2 + 2'3) + @((E@/z + 23)

_ 0 9 9 2
= M(y +0)+6y(2xy+0)+62(0+3,z)
= 0+4+2x+6z=2x+ 62
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EXERCISE 2. Calculate the Laplacian of the following scalar fields:
(click on the green letters for the solutions).

(a)  flx,y,2) =32°y*2 () Sy, 2) = Vez+y

(c) flzy2)=v22+y2+22 (d) f(z,y,2)= m

1
Quiz Choose the Laplacian of f(r) = — where r = /22 + y? + 22.
T\n

0 0 o
@ 2oy @ Mnx®

The equation VZf = 0 is called Laplace’s equation. This is an impor-
tant equation in science. From the above exercises and quiz we see

1
that f = — is a solution of Laplace’s equation except at r = 0.
r
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The Laplacian of a scalar field can also be written as follows:

Vif=V-Vf
i.e., as the divergence of the gradient of f. To see this consider
af . of . of
. = (=L 4 2L iy 8
V.-Vf v (6xz+8y‘7+3z )

g ,0f o ,0f g ,0f
ax(ax) + 8y(8y) * (‘32(82)
*f  0*f  Pf 2
= =4+ —=+-—==V
Ox? * Oy? + 022 /
EXERCISE 3. Find the Laplacian of the scalar fields f whose gradients
V [ are given below (click on the green letters for the solutions).

1
(a) Vf = 2z2i + 2%k b)Vf=—i——j— Lk
yzl yiz 1y22
(¢) Vf=e*i+yj+ e’k (d) Vf:;i+§j+;k
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3. The Laplacian of a Product of Fields

If a field may be written as a product of two functions, then:

V2 (uw) = (VZu)v 4+ uV3v + 2(Vu) - (Vo)

A proof of this is given at the end of this section.

Example 2 The Laplacian of f(x,y,z) = (x +y+ z)(z — 22) may be

directly calculated from the above rule

Vif(e,y,2) = (Vi@ +y+2)(@—22)+ (@ +y+2)Vi(e - 22)
+2V(z+y+2) - V(r—2z2)

Now V2(z 4y + 2) = 0 and V?(z — 22) = 0 so the first line on the

right hand side vanishes.
To calculate the second line we note that

8(m+y+z)i+8(a:+y+z)j+6(a?+y+z)
ox dy 0z

V(z+y+z) = k=1i+j+k
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and
O(x—2z). 0Ox—2z). J(x—22)
Ox s dy I+ 0z
and taking their scalar product we obtain
Vif(z,y,2) = 0+2V(z+y+2)- V(e —2z)
= 20i+j+k)-(1—2k)=2(1+0-2)
= -2

V(r—22)= k=1-2k

This example may be checked by expanding (x + y + z)(z — 2z) and
directly calculating the Laplacian.

EXERCISE 4. Use this rule to calculate the Laplacian of the scalar
fields given below (click on the green letters for the solutions).

(a) 2z =5y +z2)(x=3y+z)  (b) (@°—y)(x+2)

(@ W-2E2+y?+22) (@) o/ rgPr?
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Proof that V?(uv) = (Vu)v + uV?v + 2(Vu) - (Vv).

2 2 2
By definition V?(uv) = %(uv) + ;—yz(uv) + @(uv) Consider
therefore:
0? o (0 0 [0Ou v
@(uv) = o <&C(uv)> =5 (&rv +uax)
Pu  Oudv  Oudv 0%
= 02" eoe T owow Moa?
_ 0%u - 2% ov o 0
022 9r0r | 02
where the product rule was repeatedly used.
2 2 2
By symmetry we also have: %(uv) = %v + ng gz + u% and
2 2 2,
%(uv) = %v + 2%% +u g 5- Adding these results yields the

desired result.
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4. The Laplacian and Vector Fields

If the scalar Laplacian operator is applied to a vector field, it acts on
each component in turn and generates a vector field.

Example 3 The Laplacian of F(z,y, z) = 32%i + xyzj + 2222k is:
V2F (z,y,2) = V*(32%)i + V?(zy2)j + V(222%)k

Calculating the components in turn we find:

V3(3:%) = 8—2(3 )+a—2(3 )+a—(3 )=0+0+6=6
T o2 T2 T -

9 82 82 2

Vi(zyz) = arg(xy)Jrany(:z:yz)Jrazg(zyz)fOnLOJrO:O
20,22 9% 5 0% 55 9% 55 2 2
V(z z*) = @(xz)+a—?ﬁ($z)+@(xz)*2z +0+42z

So the Laplacian of F is:
V2F =61+ 05 + (222 + 22°)k = 6i 4 2(2® + 22)k



Section 4: The Laplacian and Vector Fields 12

Quiz Select from the answers below the Laplacian of the vector field
F = 23yi + In(2)j + In(ay)k .

. .1
(a) 6xyi (b) 6xyi — 2 an

.1 1 1 y? — 2
) 3- 2.
(c) 3x1,—|——z2j— (CEQ —y2>k (d) y?i+2°5 — e k

Quiz Choose the Laplacian of F = 32223 —sin(my)j + In(223)k at the
point (1,—2,1)?

(a) 0 (b) 6i — 3k (c) 3i — 3k (d) 6i — w25 — 6k

Quiz Which of the following choices is the Laplacian of the vector field
F =In(y)i + 2%j — sin(2m2)k at (1,1,7)?

(a) —t+25 (b) O (c)4F +4n°k  (d) —i+j+k
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5. Final Quiz

Begin Quiz Choose the solutions from the options given.

1. Choose the Laplacian of f(r) = 5z3y*z2.
(a) 30xy?22 +6023y%22 +1023y* (b) 30z + 20y + 10

(c) 30zy*2? + 7523y 22 + 152%y* (d) 30zy*2? + 12239222 + 1523y*
2. Choose the Laplacian of f(z,y, z) = In(r) where r = /22 + y? + 22.

(a) 0 (b) 2 (c) (@) =

2
3. Select the Laplacian of F = 233 + Tyj — 3sin(2y)k.

(a) 61 (b) 6z + 12sin(2y)k
(c) 6z¢ + 3sin(2y)k (d) 6xi — 12sin(2y)k

End Quiz
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Solutions to Exercises

Exercise 1(a)
To find the gradient of the scalar field f = 2%y — z, we need the
partial derivatives:

R TRV
% = %(xzy—z) =0-z"t=-1
Therefore the gradient of f = 2%y — z is
Viwy) = Liv 200

Or 8y 0z
= 2ayi+ 2?5 — k.

Click on the green square to return
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Exercise 1(b)
To find the divergence of the vector field F = zi — xyj + 2%k, we
recognise that its components are
Flzxa FQZ_J"y7 F3:Z27
So the divergence is the scalar expression
oF OF: OF:
el Tl ATl
or dy 0z
0 0 0, 5
= %(I) + a*y(*l"y) + &(Z )
T x oyt 42 x 227

V.- F =

1

= 1—ax+2z.

Click on the green square to return
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Exercise 1(c)
The curl of the vector field F' whose components are

F1:$7 F2:_xy7 F3:ZQ7

is given by the vector expression:

_ (9B OB\, (0F OR)
VX E = (8;{/_82)2_(81 8z)J+(

4 (getcan - o)) &
= (04+0)i—(0-0)j+(—y—0)k
= —yk.

Click on the green square to return

oF,

ox

(;y(z2) _ gz(—xy)) i— (aam(zQ) - i(@) J

oF
dy

16

)
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Exercise 1(d)
To subtract the curl of the vector F' = xi—xyj+ 22k from the gradient
of the scalar field f = 2%y — 2

Vf—-—VXxF.

we use the results of Exercise 1a and Exercise 1c, where it was found
that
Vf=2yi+2z’j—k and V xF =—yk.

Therefore the difference of these two vectors is
Vf-VxF = 2xyi+2%j—k—(—yk
= 2ayi+ 2% — (1—yk.

Click on the green square to return O
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Exercise 2(a)
The Laplacian of the scalar field f = 3233223 is:
o*f  0%f  0%*f
vip = oL O O
/ Ox? + Oy? + 022

= %(91:234223) + %(Gxgyzs) + %(9x3y222)
= 18z + 6232 4+ 182322
Extracting common factors, the scalar V2 f can also be written as
Vif = 6az (3y2z2 + 2222 + 3x2y2)
= 6zz (3y*(z* + 2%) + 2°2%) .

Click on the green square to return
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Exercise 2(b)

The Laplacian of the scalar field f = /zz +y = /2212 4+ y is:

02 11 0? 11 0? 1
Vi = g () g (eheh )+ g (o

a ]. 1 1 a 8 ]. 1 1

= (1G04 L9y 9 (15,06
Oox (2:5 22>+8y( )+8z (296222

= O (L) p04 2 (Ls

Oz 2% 7 0z 9t ?

_ %(_%)x(,%,1)2%+%(_ Job (-3

4 4 '

This result may be rewritten as

1 1
Vif = —430;7;5(1;_2—1—2_2):—4\/3;(—#2

Click on the green square to return

19
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Exercise 2(c) To calculate VQ\/W, define u = 22492422,

so f = u'/2. From the chain rule we have
of ouz  du 1 1y 1
- = X — = —u 2 X 2r = 2,
ox u " or 2" v
Therefore the second derivative is (from the product and chain rules):
Of 8()>< —3 4 X@u’%xﬁu e
— = —(x)xu x —=u 2 -z .
Ox? Ox ou Ox
Since f and u are symmetric in z,y and z we have
0? 0?
TyJ; wE — yQu_% and a—ZJ; —uT - 22y,
Adding these results and using 22 + y? + 22 = u yields
Vif = (u_% — xQU_%) + (u_% — yQu_%> + (u_% — zzu_%>
2

= 3u"7-— (x% + 52 —|—22)u_% =27 =

Click on the green square to return
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Exercise 2(d) To find the Laplacian of f = (22 + y2 + 2%)" 2, we
again define u = 22 + y? + 2. From the chain rule

of Ou~z _ Ou 1o s
Y = X — = —— 2 X Qr = — 2
ox ou ox 2! * o
Thus the second order derivative is:
f 9 5 =% du 5 :
— =— Z(r)xu?2-—zx X — = —u"2 +3z%u"2 .
Ox? Ox () < u . ou Ox wor St
Due to the symmetry under interchange of x,y and z:
82f _3 2 _5 a2f _3 2 _5
dy? —uE A+ 3ytun e, gnr — W P HdFuTE

Therefore we find that the Laplacian of f vanishes:
\vali ( u”? + 322y 2>+< *%+y2u*§)+(7u7%+322u*g)

= —31f%+3(a:2—|—y2+z2) 5= _3u?43u?=0.

o

Click on the green square to return ]
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Exercise 3(a)

If the gradient of the scalar function f is V f = 2224 + 2%k, then the
Laplacian of f is given by the divergence of this vector

V2f =div (V).

Therefore the Laplacian of f is

V2f = div (szi +:C2k:)
0 0 0
= (2 (g2
5o (202) + -0+ ()
= 224040
= 2z.

Click on the green square to return
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Exercise 3(b)

1

If a scalar field f has gradient Vf = —i— ij — ik , its Laplacian
yz y?z Yz

is given by the divergence

V2f =div (V) .

Using this formula we can find V2 as follows

1
Vi = div(i—f'—ﬂk)
Yz y=z Yz
_ (A o9 (2N O ( =
0z \yz Ay y2z 0z yz?
x xZ
= (0)=(=2)x == = (-2) x —
2 2
Yy +z
=

Click on the green square to return
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Exercise 3(c)
As above if the gradient of f is
Vf=¢e"i+yj+ze’k
its Laplacian is the scalar divergence of the vector V f:

Vif =div(Vf).

Therefore
Vif = div(e®i +yj + ze*k)

= )t W)+ 5 @)

(0) + 1 + ze?
= 1+ze*.

Click on the green square to return O
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Exercise 3(d)
1 1 1

IfVf=—-i+ -5+ —k, then the Laplacian of f is the divergence of
x Y z

the gradient of f:
Vif =div(V/).

1 1 1
div (’L + -7+ k:>

Therefore

\vali
T Y Z

-5 ()5 6)ra )

This may also be written as follows
22y? + 2222 + 222
- 22y222

Vif =

Click on the green square to return O
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Exercise 4(a)
To find the Laplacian of f = (22 — 5y + z)(x — 3y + 2), we use

V2 (uw) = (V) +uV30 + 2(Vau) - (Vo)
with v = 2x — by 4+ z and v = x — 3y + 2. This implies

Vu = 2i—-55+k
Vv = 1—-3j+k
and so
Viu=Vi=0

The above rule therefore gives:
Vif=2Vu-Vv = 04+0+2(2—5j+k)-(i—35+k)
= 2(2415+1)
= 36.

Click on the green square to return



Solutions to Exercises

Exercise 4(b)
To find the Laplacian of f = (22 — y)(z + 2), we use

V2(uwv) = (Vu)v + uV?v + 2(Vu) - (Vo)
with v = 22 — y and v = z + 2. This implies
Vu = 221—3
Vv = i+k

and so

0(2z)

xr

Viu=V 2zi= =2 and V=0

The above rule therefore gives:
V3 = 2@+2)+0+2(2i—j) (i+k)
= 2(z+2)+2(2)
= 2x+2+2).

Click on the green square to return

27
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Exercise 4(c)
To find the Laplacian of f = (y — 2)(2? + y? + 2?), we use

V2(uwv) = (Vu)v + uV?v + 2(Vu) - (Vo)
with v =y — 2z and v = 22 + y? + 22. This implies
Vu=j—k and VZu=0

while
Vv = 2z1+42yj+ 22k
Vu = 2+2+2=6
The above rule therefore gives:
Vif = 04 (y—2)x6+2(—k)- (2 +2j +2k)
= 6+20+2-2)
= 6.

Click on the green square to return O
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Exercise 4(d) To find the Laplacian of f = x\/x2 + y2 + 22, we
use

V2(uwv) = (Vu)v + uV?0 + 2(Vu) - (Vo)
with u = 2 and v = /22 + 42 + 22. Therefore Vu = 4 and Vu = 0.
In Exercise 2(c) we saw Vv = —2/1/22 + y2 + 22. To find Vv use
0 1
the chain rule: a—(x2 +y2 42272 =20 x (—1) x (22 + 92 + 22)"%
x
and similarly for the other partial derivatives. Thus
1
Vo = —————(2i+yj + 2k
(x2+y2+z2)%( yj + 2k)
The above rule therefore gives:

—92 1
Vi = O4tax—m— 4 2% _(2i+yj+zk)

Va2 +y? + 22 (22 +y2 + 22)3
2z 222
VIZ+ 2+ 22 (22 4y +22)8

Click on the green square to return ]
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Solutions to Quizzes

Solution to Quiz: The first and the second order partial derivatives
of f=r"" r=(2>+y*+ 22)% with respect to the variable z read:
0

or—" y or a1y @ x
- = — =—-nr —=-n—:-.
Ox or ox r rnt2
0 f 1 Ox » 0 1 » or
— = —n—————anx — —
Ox? 2 Ox or \ rnt2 Ox
1 2
= e +n(n+2)rn+4
Due to the symmetry under interchange of =,y and z we have also
0% f 1 y? 0% f 1 P
ain == rn—&-Z + n(n + 2) n+4 ) @ - n+2 +TL(’H, + 2) n+4 :
Adding these second order derivatives yields the Laplacian:
3n 2 +y2+22 nn-1)
2, _
v f - 77an+2 + n(n + 2) pn+a - rn+2

End Quiz
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Solution to Quiz:
The Laplacian of the vector field F = z3yi + In(2)j + In(zy)k is a
vector V2F whose 4, j components are correspondingly

0? 0? 0?

Vi(zty) = @(fﬂgy) + aﬁyg(fﬂgy) + @(33311) = bzy,

0° o (1 1
VAIn(z) = 5 (n(=) = 5 <Z> L

while the k component is

1 1 2% 4+ 92
2 2
Vi(in(zy)) = V*(In(z) +In(y) = —— - i o
So the Laplacian of F is:
1 22 4 y?
2 . .
v F:6xyz—z—23_Ty2

End Quiz
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Solution to Quiz:
The Laplacian of the vector field F' = 32221 — sin(7y)j + In(223)k is
a vector V2F whose 4,7 and k components are correspondingly

V? (32%2) = 8722(3.%22) + 68;(35522) + 87222(33022) =62,
V2 (—sin(my)) = —a—Q(sin(wy)) = —g(w cos(my)) = 72 sin(7y)
Oy? Ay ’
2 3 0° 3 9? 1
V? (In(22%)) = @(lnﬂx ) = @(ln@) +31n(z))) = —3?,

Therefore the Laplacian of F' is
V2F = 6zi + n2sin(my)j — 3%]4} ,
and evaluating it at the point (1, —2,1) we get
V2F = 6i 4 n%sin(—27)j — 3k = 61 — 3k .
End Quiz
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Solution to Quiz:
The Laplacian of F' = In(y)i+ 225 —sin(27z)k at (1,1, 7) is the vector
whose ¢, 3 and k components are in turn given by:

?In(y)  0?In(y)  6*In(y) 1
2] = =0- —
V-lIn(y) 52 + 92 + 9.2 0 7 +0,
2.2 2.2 2.2
vz o= 02 0 0% gy,

0x? Oy? 022

0? sin(27x) n 0? sin(27x) . 0? sin(27x)
Ox? Oy? 022

= —Ar?sin(2rx) + 040,

V2sin(2rz) =

Therefore we have

1
V?F = ——i + 2j — 4n* sin(2ma)k
Y

Since sin(27) = 0, we find at (1,1,7) that V*F = —i + 23 .
End Quiz
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