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1. Partial Differentiation (Introduction)

In the package on introductory differentiation, rates of change
of functions were shown to be measured by the derivative. Many
applications require functions with more than one variable: the ideal
gas law, for example, is
pV =kT

where p is the pressure, V' the volume, T" the absolute temperature of
the gas, and k is a constant. Rearranging this equation as

kT
v
shows that p is a function of 7" and V. If one of the variables, say T,
is kept fixed and V' changes, then the derivative of p with respect to
V' measures the rate of change of pressure with respect to volume. In
this case, it is called the partial derivative of p with respect to V' and
written as

dp

W .

p
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kT
Example 1 If p = v find the partial derivatives of p:
(a) with respect to T, (b) with respect to V.

Solution
(a) This part of the example proceeds as follows:
kT
p = v
o Op Kk
a7 v

where V is treated as a constant for this calculation.
(b) For this part, T is treated as a constant. Thus

1
= kKT— =kTV !
P v ,

Op 9 kT
. R p— = _k == — T o
i TV V2
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The symbol 0 is used whenever a function with more than one variable
is being differentiated but the techniques of partial differentiation are
exactly the same as for (ordinary) differentiation.

0z 0z ,
Example 2 Find == and — for the function z = 22y>.
ox y
Solution 9.3
=Ty For the first part 3 is treated as
. % = 2B a constant and the derivative of
Ox 22 with respect to x is 2.
and 9z _ 2237, For the second part 22 is treated
0y as a constant and the derivative
= 3z2%y2. of y3 with respect to vy is 3y>.

EXERCISE 1. Find % and @
ox dy

(Click on the green letters for solutions.)
(a) = = 2%y, (b) 2= (a" +22)%,  (c) 2 = y} sin(a).

for each of the following functions.
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2. The Rules of Partial Differentiation

Since partial differentiation is essentially the same as ordinary differ-
entiation, the product, quotient and chain rules may be applied.

Example 3 Find % for each of the following functions.
x
(a) z = aycos(ay), (b)z=—2, (c)z=(3x+y)
7 T + y 7 *

Solution
(a) Here z = wv, where u = zy and v = cos(zy) so the product rule
applies (see the package on the Product and Quotient Rules).

u = zy and v = cos(ay)
Lou and o sin(zy)
“or Y or 7 Y-
Thus

az_@

Ov 9 .
9= st + Ugs = ycos(xy) — xy” sin(ay) .
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(b) Here z = u/v, where u = z — y and v = x + y so the quotient rule
applies (see the package on the Product and Quotient Rules).

u = z—y and v = x4y
ou v
Thus guw OV
9z _ Yor "oz
ox v2
ety —(r-y) 2
(z +y)? (z+y)?

(c) In this case z = (3 + y)? so 2z = u? where u = 3z + y, and the
chain rule applies (see the package on the Chain Rule).

z = u? and u = 3x+vy
0z ou
= = 2 = - 3.
" ou u and ox 3
Thus 0z 0z 0u

% = 5u s =203z +y)3 =63z +vy).
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EXERCISE 2. Find % and %
ox y

(Click on the green letters for solutions.)

for each of the following functions.

(a) z = (2243z) sin(y), (b) z = Cozgx), (¢) z =In(xy),

(d) z = sin(z) cos(zy), (e) z=e@+¥) () 2 =sin(2? +y).

Quiz If z = cos(zy), which of the following statements is true?

dz 0z 0z 10z
a) 22 -2 by - 2%
(2) ox Oy’ (b) ox x0y’
10z 0z 10z 10z
) Yoz = 8y Wy = ooy
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3. Higher Order Partial Derivatives

Derivatives of order two and higher were introduced in the package on
Maxima and Minima. Finding higher order derivatives of functions
of more than one variable is similar to ordinary differentiation.

0%z

0x?

Solution First differentiate z with respect to x, keeping y constant,
then differentiate this function with respect to z, again keeping y

Example 4 Find if 2 = (@’ +y%)

constz;nt.: 0@ +y?)
. % = 3%+ using the chain rule
x
92 9(322) - A(e@’+y?)
873; = %e(zdﬂﬁ) + 33:2(6T using the product rule
2 . ;
% = 6ze® V) 4 322 (327 )

= (92 + 6x)6(13+92)
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2 2
z z
In addition to both — 902 3 5 when there are two variables there
is also the possibility of a mz:ced second order derivative.
2

z
dxdy

if » = e(@*+y”)

Example 5 Find

0? g (0
Solution The symbol i is interpreted as — & ; in words,
dxdy 0z \ Oy

first differentiate z with respect to y, keeping = constant, then differ-
entiate this function with respect to x, keeping y constant. (It is this
differentiation, first with respect to x and then with respect to y, that
leads to the name of mized derivative.)

0z

First with « constant e de(z13+y2) (using the chain rule.)
Y
0? 0
Second with y constant W@Zy = % <2ye(w3+y2)>

= 3m22ye(“"3+y2)

= 6:L'2ye(g”3+y2) .
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The obvious question now to be answered is: what happens if the
order of differentiation is reversed?

2 -
Example 6 Find 07z 4 <(’9z> if 2 = o=’ +y%)

0yox - 87y oz
Solution
0 .
First with y constant a—z = 3g2e" %) (using the chain rule).
T
2 0
Second with z constant —— = — (31‘26(“3"’3’2))
Oyox dy
- 2y3$2e(w3+y2)
0%z
—  Gx2yel@’ty) = L <
e Oxdy

As a general rule, when calculating mized derivatives the order of
differentiation may be reversed without affecting the final result.
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EXERCISE 3. Confirm the statement on the previous page by finding

2 2,
both d

© 0x0dy a yox
order partial derivatives have already been found in exercise 2. (Click

on the green letters for solutions.)

(a) z = (224+3z)sin(y), (b) 2z =

for each of the following functions, whose first

CO;S‘"), (c) = = In(zy),

(d) z = sin(z) cos(zy), (e) z=e@+¥) () 2 =sin(2? +y).

Notation For first and second order partial derivatives there is a

0 0
compact notation. Thus éTf can be written as f, and a—f as fy.
€z Y
2 2

Similarly % is written f,, while
T

/ is written fg,.
Y

0x0

Quiz If z = e"¥sin(x), which of the following is 2z, + 24y ?

(a) e ¥sin(x), (b) 0, (¢) —e ¥sin(x), (d) —e~¥ cos(x).
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4. Quiz on Partial Derivatives
Choose the correct option for each of the following.

Begin Quiz

1. If z = 22 + 32y + 1 then % is
x

(a) 2z + 3y + 3y2, (b) 2x + 3z + 3y?,
(c) 2z + 3z, (d) 2z + 3y.
2. If w = 1/r, where r? = 22 + y* + 22, then zw, + Ywy + 2w, is
(a) =1/r, (b) 1/r, (c) =1/r*,  (d) 1/r*.
3. Ifu= \/E then u,, is
Y
1 1 1 1
(a) —

e Vi 9 s Y s e

End Quiz
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Solutions to Exercises

0
Exercise 1(a) To calculate the partial derivative 22 of the function

ox

z = x%y*, the factor y* is treated as a constant:

% - % (:C2y4) = % (:C2) X y4 =221 » y4 = 2:1:y4.

0z
Similarly, to find the partial derivative —— , the factor z? is treated

dy

as a constant:

g—z = Ogy (x2y4) =2°x a% (y4) =22 x 4y = 4223 .

Click on the green square to return
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0
Exercise 1(b) To calculate 8—2 for the function z = (2 + 22)y3, the
x

factor y? is treated as a constant:
0 0 0 . .
o= o (@ +a?y?) = = (2t +0%) x ¢’ = (4a® + 20)y°.

0
To find the partial derivative a—z the factor (z* + 22) is treated as a
Y

constant:
62_ 0 4 2\, 3\ _ (.4 2 0 3 _ 4 2y, 2
9 — 0y ((z* +2?)y’) = (z +a:)><—ayy =3(2* +2%)y”.

Click on the green square to return
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9z

ox

Exercise 1(c) If z = yz sin(z) then to calculate the y2 factor is

kept constant:
% = % (y% sin(x)) =y? x a—ax (sin(z)) = Yz cos(z) .
0
Similarly, to evaluate the partial derivative a—; the factor sin(x) is
treated as a constant:
0 0 [ 1 0 1 1 .
a—; = a (y§ sin(x)) = 8—yy5 x sin(z) = §y_5 sin(z) .

Click on the green square to return
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Exercise 2(a) The function 2z = (2% + 3x)sin(y) can be written as
z = uv, where u = (22 + 3x) and v = sin(y) . The partial derivatives
of u and v with respect to the variable x are

Ju v
- = 2 —_— =
o T+ 3, 97 0,
while the partial derivatives with respect to y are
Ju v
87y70’ a—yfcos(y).
Applying the product rule
0z Ou ov .
9= 5 + Un = (2x 4 3) sin(y) .
0z 0Ou v

- = — 2
9y 8yv+u8y (x* + 3z) cos(y) .

Click on the green square to return
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Exercise 2(b)

—~

cos(z
The function z = ) =5,

can be written as z = cos(x)y

ot

Treating the factor 5> as a constant and differentiating with respect
to x:
0z . 5 sin(x)
— = —sin(z =—
o (z)y /5
Treating cos(z) as a constant and differentiating with respect to y:
ov 6 cos(z)
— =cos(z)(—5y ") = —5H—=
o = cos(a) =5y ™) = 5

Click on the green square to return
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Exercise 2(c) The function z = In(xy) can be rewritten as (see the

package on logarithms)
z = In(zy) = In(z) + In(y) .

Thus the partial derivative of z with respect to x is

0z 0 0 1

9 %(ln(l’) +In(y)) = %hl(l") = E

Similarly the partial derivative of z with respect to y i
0z 0 0 1

= In(x) 4+ In —In(y) = —

5 = (@) + () = 2 Infy) = -

Click on the green square to return
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Exercise 2(d) To calculate the partial derivatives of the function
z = sin(x) cos(xy) the product rule has to be applied

% = cos(zy)% sin(z) + sin(x)a%c cos(zy) ,
g—z = cos(zy)a—y sin(z) + sin(x)a—y cos(zy) .
Using the chain rule with u = 2y for the partial derivatives of cos(xy)
0 _ Ocos(u) Ou . B .
py cos(xy) = 5u sin(u)y = —ysin(xy),
y cos(zy) = Bcgi(u) g—z = —sin(u)z = —zsin(zy) .
Thus the partial derivatives of z = sin(z) cos(zy) are
8—; = cos(xy) cos(z) — ysin(x) sin(xy) , g—z = —zsin(z) sin(zy) .

Click on the green square to return
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Exercise 2(e) To calculate the partial derivatives of z = e(*"T¥°) the
chain rule has to be applied with u = (2% + y?):

020 0
or  Ou or Oz’
0z 0 , . Ou ,0u
— = —(e") —=e"—.
dy ou dy oy
The partial derivatives of u = (22 + y?) are
2 2
ou _07) o, Ow_0W) _,
oz ox dy dy
Therefore the partial derivatives of the function z = e@*+9*) are
0z . ou 2, .2
22— quZl — 9@ ty)
Ox ©or T ’
0z B ou 2, .2
e 27 9y e@Hy)
Ox i ve

Click on the green square to return
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Exercise 2(f) Applying the chain rule with v = x? + y the partial
derivatives of the function z = sin(z? + y) can be written as

0z a . ou ou
% — 9u (sin(u)) e cos(u) I
0
g—; = % (sin(u)) g—z = cos(u)a—z .
The partial derivatives of u = 22 + y are
ou  Ox? ou Oy
_—= = 2;5, _— = — = ]_
or  Ox dy Oy
Thus the partial derivatives of the function z = sin(z? + y) are
0z

g _ ou 2
B COS(U)@Q: 2x cos(xz® +y),

0z ou 9
3 cos(u)a—y—cos(x +y).

Click on the green square to return
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Exercise 3(a)
From exercise 2(a), the first order partial derivatives of
z = (2% + 3z) sin(y) are

0z . 0z 4
o (2 + 3) sin(y) , oy (x° + 3x) cos(y) .
The mized second order derivatives are

0%z 9 (9z\ 9, ,

= a.\ a9 = I S = (2 1
dedy — Ow <6y> o (2 + 32) cos(y)) = (20 +3) cos(y)
0z 9 [0z 0

= — - _ i _ 2 .
dyor By (a> oy (20 + 3)siny)) = (20 + 3) cos(y)

Click on the green square to return
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Exercise 3(b)

From exercise 2(b), the first order partial derivatives of z = Cosgx)
are Y
0z _ sin(x) 0z _ 5cos(m)
ox y5 ’ 8y y6 ’
so the mized second order derivatives are
0% _ 0 <3Z> _ 0 (_5008(37)> B 5Sin(x)
0xdy Ox \ dy oz Y6 g
%z 0 (32’) 0 (_ sin(x)) B 5sin(az)
dydx Oy \ Ox Oy P ys

Click on the green square to return
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Exercise 3(c)
From exercise 2(c), the first order partial derivatives of z = In(xy)
are

0z 1 0z 1

oz ' Oy y
The mized second order derivatives are

9?2 0 (82) 0 (1) 0
0xdy Ox \ Oy or \y ’
9z 0 <8z>_ 0 (1)_0
OyOx Oy \ Oz oy \z '

Click on the green square to return
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Exercise 3(d) From exercise 2(d), the first order partial derivatives
of z = sin(x) cos(zy) are

0z . . 0z . .
e cos(x) cos(zy) — ysin(x) sin(zy) , o x sin(x) sin(xy) .
The mized second order derivatives are
0%z 0 [0z 0 . .
900y — s (83/) = (—asin(z) sin(zy))
= —sin(x)sin(zy) — x cos(x) sin(xy) — xy sin(x) cos(zy) ,
0

gZ,;x = c% (gi) = oy (cos(z) cos(xy) — ysin(x) sin(zy))
= —zcos(z)sin(xy) — sin(x) sin(zy) — zy sin(x) cos(zy) .

N.B. In the solution above a product of three functions has been
differentiated. This can be done by using two applications of the
product rule.

Click on the green square to return
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Exercise 3(e) From exercise 2(e), the first order partial derivatives
of z =" are

0z

X

=2z V") 9z = 2ye(“'2+y2)

The mized second order derivatives are thus

622 0 0z 0 2 2 2 2
= —[ZZ) = =Z (2ye@™ ¥ ) = 4pyel@ +v7)
92y e (ay) o ( ye ) rye 7

822 0 0z 0 2 2 2,2
L dadi I (x"+y7) ) — (= +y%)
Oyox oy (893) oy (2366 ) dywe '

Click on the green square to return
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Exercise 3(f) From exercise 2(f), the first order partial derivatives
of z = sin(z? + y) are

82’ _ (2 % _ 2
e 2z cos(z” +v), 9y cos(z® +y).
The mized second order derivatives are thus
0%z 0 [0z 0 9 . 9
920y p (83;) =3 (cos(x +y)) = —2zsin(z® +y),
0%z 9 [0z 0 9 .9
oydr  y (&v) = gy Broosl@’ +y)) = —2sin(e” +y).

Click on the green square to return
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Solutions to Quizzes

Solution to Quiz:

To determine which of the options is correct, the partial derivatives
of z = cos(zy) must be calculated. From the calculations of exercise
2(d) the partial derivatives of z = cos(xy) are

N _ Ocos(u) du . N
p cos(zy) = 5 sin(u)y = —ysin(zy),
‘ _ Ocos(u) Ou . .
y cos(zy) = o0 oy sin(u)x = —x sin(zy) .
Therefore
10 : 1
e cos(zy) = —sin(zy) = 29y cos(zy) .

The other choices, if checked, will be found to be false. End Quiz
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Solution to Quiz:
The first order derivatives of z = e ¥ sin(x) are
ze =€ Y cos(x), zy= —e Ysin(x),

where e~V is kept constant for the first differentiation and sin(x) for
the second. Continuing in this way, the second order derivatives z,,
and z,, are given by the expressions

0 [0z 0
= P — R = — v — —e¢ Ygi :
Zox 5 (833) o (7Y cos(z)) e Ysin(x),
0 [0z 0
= —_ —_ = — | — Y = “Ygi
Zyy = By (83/) By (—e ¥sin(z)) = e ¥sin(z).

Adding these two equations together gives
Zpz + 2yy = 0.

End Quiz
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