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1. Introduction

oo

If an infinite series Zar has a finite sum we say it converges (if not,
r=1

it diverges). The sum of the first n—terms of the series is called the

n—th partial sum. If the sequence of partial sums approaches a limit

lim s, — s, then s is the sum of the series.
n—0oo

The sums of some familiar series are known, e.g., the geometric series

> 1
ZxT:—, if |[z] < 1.
= 1—r

Mathematicians have developed many tests to see whether series have
finite sums or not. This package reviews some of these tests.

First, here is an example of one of the many limits that we will need
to study the tests.
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2
r 1
+ 7?7 Both the
r?+3

numerator and denominator blow up as r gets larger. Naively this
gives:

Example 1: As r — oo, what is the limit of

r?+1 0

N
r2+3 o)
which is meaningless! Instead divide top and bottom by r2:

)

r2+1 -
7"2—|—1:7,2 2 _ -2
r2+3  r2 3 3
mte e

't 1vo
3 )
R
.

and this limit is well-defined.
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2. Non-Null Test

The first test we introduce states that:

o0
if Z a, is convergent then {a,} is a null sequence.

r=1

It is important to realise that this test only states that if as n — oo,
an 7 0, the series will diverge. It does not say that the series must
converge if a,, — 0. (This is therefore a test for divergence!)

Example 2: The series
o0

r
Zr+1

r=1

will not converge since as n — oo
r 1 1
= — =
r+1 14+ 140

1.
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Proof of the Non-Null Test: The n-th partial sum, s, and the
(n — 1)-th partial sum are:

S, = ai1tax+---+ap—1+ay
Sp—1 = artaz+---+ap—
Subtracting these two equations gives:
Sn — Sp—1 = Qn .

If the series converges to a limit s, then as n — oo, both s, — s and
also s,,—1 — s. Hence

Ap =Sy — Sp_1 —s—s5=0.
So for any convergent series, a,, must approach zero.

Quiz Use the non-null test to select a series which must diverge.
o0 oo

67 =j2-3 j2+3
(W) ]Z:;jer?) ()j=13+]2 (C) Z] +4 ZQ+]4
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EXERCISE 1. What, if anything, does the non-null test say about
the following series? (click on the green letters for solutions):

(a)

(c)

(e)

1 ~J (7 +1)
w=1 =1

—10° 2

s=1 8 r:03

>, 100" S

r=0 j=1

Quiz Which of the following series does the non-null test give no
information about?

Jj=1
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3. Comparison and Limit Comparison Tests

Sometimes it is possible to compare a series to another series whose
properties are already known. There are two tests of this sort which
we will state in turn without proof.

The comparison test states

if 0<a,<b,, foralln €N then:

o0 oo
Z b, convergent = Z a, convergent.
n=1 n=1
oo oo
Z a, divergent = Z b, divergent.
n=1

n=1

oo o0
1 1
Example 3: It can be shown that Z—Z is convergent. Hence Z—p
r=1 d 1 r=1 r

1
must also converge if p > 2, since then - <3
T r
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Example 4: Since the Harmonic Series Zf is divergent, Z—
r=1

1
must also diverge if p < 1, since then -
r r

EXERCISE 2. Use the comparison test and the fact that

o0

1 {p > 1 series converges

—rr p <1 series diverges

to determine the convergence or otherwise of the following series. (click
on the green letters for solutions):

(a)

M
o
-

w—|—2

<
Il
—

() Zl + cos(

NE
~

ﬁ
Il
=)
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The limit comparison test states that if a,, > 0 and b,, > 0 for all
n and

ifZ—n—>L7$0then

o oo
if Z a, convergent < Z b, convergent

n=1 n=1

In other words either both series are divergent or both are convergent.

r42 —1
Example 5: Compare 227_’_3 with the Harmonic Series, Z;
r

r= r=1
which is a standard example of a divergent series. The ratio of the
terms is:

r+2
r24+3 _ r(r+2)
1 2437

r
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The limit is

2
orr2 15
lim — 3= 3 1
r—oo 14 4 1+ =
r
This finite limit implies either both series diverge or both Converge

r42
Since the Harmonic Series is known to diverge, then
> .t Y52

must also diverge.

EXERCISE 3. Use the limit comparison test and the appropriate
series of the form

oo

1

npP
n=1

to determine the convergence or otherwise of the following series. (click

on the green letters for solutions):
oo

> 7L4
() Y5 ) Yot

2n5 +n2’
n=1 n=1 +
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4. Ratio Test

o0
For a series of positive terms Zan the following is true:

n=1

if L >1 the series diverges
a
if  lim —t = L, then if L <1 the series converges

n—oo (O

if L =1 the test is inconclusive

o0
n
Example 6: In the series ZQ—n, the ratio

n=1
n+1
Any1  9n+l _n—i—lx 2m _n—i—l_l—&-%
an " n ontl — op 2
27’L

and this converges to % as n — oo. The ratio test thus states that
this series converges.
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EXERCISE 4. What, if anything, does the ratio test say about the
following series? (click on the green letters for solutions):

W S, OEDIES

(c) Z:se’s7 (d) Zxr, (assume = > 0)
s=1 r=0

CEDY= oY
r=0 ’ n=1 "

Hint: in (f) you may use that as n — oo, (1 + 2)" — e, the base of
natural logarithms.

Quiz Select a series below which, by the ratio test, converges.

= nl = ew =1 “on—1
— I — —_ d .
(a) 2 ());w’ (C);nww ( );n+1
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5. Final Quiz

Begin Quiz In each of the following questions choose the series which
can be shown to diverge using the given test.

1. Non-null test

(@ D5 ) 2, (© Z<rf1).v @ %
3. Ratioootest - o o
@ S8 0 B O Y @) Y
= (2n)!" = (n!)?” “—3nl -1’ —~

End Quiz
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Solutions to Exercises

o0
. 1 .
Exercise 1(a) In the series E — the term a,, vanishes as w — oo:
w
w=1

Ay — 0

Hence the non-null test tells us nothing about this series.

In fact this series, which is called the Harmonic Series, diverges!
This is despite the individual terms tending to zero. They do not
vanish quickly enough for the series to converge. This is an important
series which is widely used.

Click on the green square to return
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1

Exercise 1(b) In the series Zj U+ 1) :
j(j+1> P
2j2 -1  2j2-1

1
141
217

J

aj =

where in the last step we divided both top and bottom by j2. Hence
as j — oo

1+5 140
4% = 5°1 799
J
1

Since this does not vanish, the non-null test states that this series

diverges.

Click on the green square to return -
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oo
10°
Exercise 1(c) In the series ZS—S , the terms may be written as:

s=1

10% 10\°
=(=) =1.25°.
88 ( 8 )

Now for s > 1, (1.25)% > 1.25 so the non-null test states that this
series diverges.

Click on the green square to return O
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oo
27’
Exercise 1(d) In the series E 3 the terms may be written as:
r=0

LA EAY
3 \3)
Recall that if |z| < 1, then 2" — 0 as r — co. Hence

lim a,, — 0.
rT—00

Since this vanishes, the non-null test tells us nothing.

This example is actually a geometric series and is convergent.

Click on the green square to return O
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00”
Exercise 1(e) In the series g :
r=1
100"
a, = .
7!

Now if » > 100 the denominator involves a product of r numbers
with some being greater than 100, while in the numerator we have a
product of 100 multiplied r times. This shows that for r sufficiently
large r! > 100", i.e.,

r—oo 7!
Thus a,, — 0 and the non-null test tells us nothing about this series
(we will treat it below with the ratio test).

Click on the green square to return O
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Exercise 1(f) In the series Z% :

j=1

jj
A; = 577 -
77 200

This shows that aspg = 1, aso1 = 201, agge = 2022 etc. It is clear that
as j increases the terms a; get larger and larger. Thus

.

S8, jam o

The non-null test therefore tells us that this series diverges.

Click on the green square to return O
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(o)
1
Exercise 2(a) To analyse the series g w22 use the inequality
w
w=1

+2)2’

2

(w+2)?>w? ifw>0.

This implies that
1 1
(w +2)? S W
Therefore the terms a,, satisfy
1 1
(w+2)? S0

so, by the comparison test, this series must be convergent since
oo

Aoy =

1.
E —5 1s convergent.
w2

w=1

Click on the green square to return
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Exercise 2(b) To study the series Z— recall that

\f

Vi<i ifj>1,
so that

Sl =

L >
Vi
Therefore the terms a; satisfy

a; = >

(-

Sl-

The comparison test implies that this series must be divergent since

1
the Harmonic Series E — is divergent.
=1

Click on the green square to return
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1+ cos(s) .
Exercise 2(c) To see that the series 27() 18 convergent, note

s=1
that:
—1<cos(s) <1 = 0<1+cos(s)<2.
This implies that
1+ cos(s) 2
0s—% =5

1+ cos
Since Z— is convergent, the comparison test says that Z;()

s=1 s=1
converges too.

Click on the green square to return O
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1
Exercise 2(d) To see that the series Zm is convergent, note
that
rir+1)=r>4r>7r? (since r > 0),
so that:
1 1
0 ——= <3
) S
1
Since » —; is convergent, the comparison test says that » ——
> L isconvers p i3

T —1
converges too.

Click on the green square to return O
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o0
1
Exercise 3(a) In the series 2271372 the ratio of the term a,,
n=1

o0
1
with the corresponding term b,, in E — Is:
n

n=1
1
e
1 T o3 _ 2
n3
This is equal to
n3 1

2n3 —n2 21
n

The limit of this is % So from the limit comparison test, since

1 =1

E — is convergent, E ———— is also convergent.
n3 2n3 — n?

n=1 n=1

Click on the green square to return U
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Exercise 3(b) In the series Z nt

- the ratio of the term a
“2n° + n2 "

1
with the corresponding term in Zi is:
n

n=1
n*+2
25 +n2 _ n°+2n
1 T 2nd 4+ n?
n

Dividing top and bottom by n® gives:

2
n® +2n 1+H

o +n? 2+ L

The limit of this is 2 Since Z diverges, Z

2
ﬁ diverges too.

Click on the green square to return -
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(o)
1
Exercise 4(a) In the series g — the ratio of the terms a,, and a,,+1
w

w=1

is:

1

Qw1 _ w+1 W
om 1 w41

w

Dividing top and bottom by w yields:
Ay+1 o 1 1

1.

= — =
aw 145 140
Hence the ratio test tells us nothing about this example. (In fact it
is the divergent Harmonic Series.)

Click on the green square to return
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oo
1
Exercise 4(b) In the series E — the ratio of the terms a,, and
w

w=1
Q41 18S:
1
Ayw+1 - (w+1)2 - ’LU2
Qw 1 (wH1)27
w2

Expanding the denominator and dividing top and bottom by w?
yields:

w41 w? _ 1

aw  w24+2w+1 1+%—|—w%'

In the limit as w — oo this becomes

Aw+1 1 -1
Qy 1+0+0
Thus the ratio test tells us nothing about this example. (It is actually
convergent and the sum is 72/6).

Click on the green square to return -



Solutions to Exercises 29

o0
Exercise 4(c) In the series Zse_s the ratio of the terms as and

. s=1
Qg1 18:

As4+1 (S + 1)e—(s+1) _ S + 1e—s—1—(—8) _sT2 + le_l
Qs se~s s s '
Dividing top and bottom by s gives:
As4+1 . 1+Oe_1 o 1

lim —.
§—00 (g 1 (§]

Since e > 1, the limit of the ratio is < 1 and, by the ratio test, the
series converges.

Click on the green square to return O
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o0
Exercise 4(d) In the geometric series Zx’” the ratio of the terms
r=0
a, and a,4q is:
a r+1
T+1 = z = x7
Q- x”
which is independent of . From the ratio test, we conclude that the
geometric series will converge for any positive x < 1.

Click on the green square to return O
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100"
Exercise 4(e) In the series Z :
r=1
100" q 1007 +1
ay = an Ary1 = 7
7l T )
so that
100"+
a1 (r+1)! 7! 1007+ 100
= 7 = X = .
ar 100 (r+1)! 100" r+1
7!

Thus the ratio tends to zero and the ratio test tells us that this
series converges.

Click on the green square to return O
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X n
Exercise 4(f) In the series E n—' :
n!

n=1
n n+1
Ap = % and Ap+1 = m >
so that
(n+1)7+!
any1  (n+1)! (41D +1)" n!
an n" B nn 8 (n+1)n!’
n!

32

using (n + 1)! = (n + 1)n! and (n + 1)"™* = (n + 1)(n + 1)". This

simplifies to

Qap, nn

1 _ (01" (1+1)" .
n

The limit as n — oo is a definition of e &~ 2.71828, the base of natural

logarithms. Thus by the ratio test the series diverges.

Click on the green square to return

O
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Solutions to Quizzes

-3
3+ 52

Solution to Quiz: From the non-null test, the series Z
j=1
diverges. To see this consider

2_3 l—j%

a; = =
! 3+J 541

)

<

where we divided top and bottom by j2. For large j this becomes
1- 3 _1-0

. =1
—2+1 T+l

a; =
Since this does not vanish, the series must diverge.

For all the other series a; — 0 and the non-null test says nothing
about the convergence or otherwise of these series. End Quiz
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Solution to Quiz: If the non-null test gives us no information
about a series, then the terms must tend to zero. This is true of (c)

oo 5

>
]

s=1 s

where the terms

-0,

s!
as § — 0o.

It may be checked that none of the other terms tend to zero (the
limits being, respectively, co, 1 and 2). Hence these series must all
diverge. End Quiz
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oo
n!
Solution to Quiz: The ratio test can be used to show that E —
n

n=1

. n!
converges. With a,, = —- one has
n

(n+1)!
ny1  (n+ 17+t n" " (n+ 1)n!
an n" 4+ 1D)(n+ 1) nl
n!
so that
ant1 n" 1

an  (n+Dm  (1+1/n)n’
which — see Exercise 4f — implies:
n 1
lim 2L 2o

n—oo e

Thus this series converges by the ratio test. (Note that although
(c) is a convergent series, the ratio test cannot show it (one needs to
use a comparison test). The other two series diverge.) End Quiz
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