3.1

SECTION 3

RELIABILITY

INTRODUCTION

When manufacturers claim that their products are very reliable they essentially mean that
the products can function as required for along period of time, when used as specified. In
order to assess and improve the reliability of an item we need to be able to measureit.
Thus amore formal definition is required.

When an item stops functioning satisfactorily it is said to have failed. The time-to-failure
or life-time of anitemisintimately linked to its reliability and thisis a characteristic that
will vary from item to item even if they are supposedly identical. For example, say we
have 100 identical brand new light bulbs that we plug into atest circuit, turn on
simultaneously and observe how long they last for. We would not, of course, expect them
all to blow out at the sametime. Their timesto failurewill differ. Furthermore, thereis
some random element to their failure times so their lifetime is a random variable whose
behaviour can be modelled by a probability distribution. Thisisthe basis of reliability
theory.

Reliability analysis enables us to answer such questions as:

. what is the probability that a unit will fail before a given time?
. what percentage of itemswill last longer than a certain time?
. what is the expected lifetime of a component?

First we must define some fundamental concepts.
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FUNDAMENTAL CONCEPTSASSOCIATED WITH

RELIABILITY

Some | mportant Functions

In the analysis of reliability data, it isthe lifetime or time to failure of a unit that is of
interest. This characterigtic, lifetime, isarandom variable. Asaresult, it will have a
probability density function (pdf) associated with it.

There are two approaches to determining the pdf associated with a set of time-to-failure
data. Thefirstisto plot the lifetimes and try to fit one of the standard pdf's (exponential,
normal, Weibull, lognormal) described in Section 2. If the data do not appear to follow a
standard pdf, a so-called non-parametric approach can be taken, whereby the pdf is
determined directly from the data or the form of f(x) is deduced from the shape of the
histogram.

In each case, once the pdf isfound, the cumulative distribution function or cdf, F(t), can be
found. Recall that

F(t) = P(T <)

where F(t) denotes the probability that the unit fails before sometimet. Thisisrelated to
the pdf, f(t), by

F(t) = j f(t)dt

0

or

dF
f(t) = %

Once the pdf and cdf are known, there are three other characteristics that can be
determined from them, which are commonly used when dealing with reliability data:
(i) thereliability function, (ii) hazard function and (iii) 'mean time between failures.

(i) Reliability Function (or Survival Function)

The cdf gives the probability that a unit will fail before acertaintimet. Of greater interest
in reliability work is the probability that a unit survivesto timet. Thisisknown asthe
reliability function, R(t) or the survivor function. Then

R(t) = P(T >1)

=1-P(T <1)

ie |R@)=1-F({) |

Thereliability function is always a decreasing function of time.



‘ Proneness
to fail’

(if) Hazard Function

Another quantity that we are interested in is the rate of failure of units; thisis estimated by
the so-called hazard function, h(t), where h(t) is defined by

f
h(t) = %

h(t) isthe hazard or instantaneous failure rate function. It indicates the 'proneness to
failure' or 'risk’ of aunit after timet has elapsed. However, it is not a probability (eg. it
can take values greater than 1). (If we want to work in probabilities we must use the
survivor function, whose relationship to h(t) will be derived below.)

From the graph of h(t) we obtain a useful picture of the behaviour of aunit. For example
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constant failure rate = Probability of
breakdown is independent of age of unit.
This is, unit is equally likely to fail at any
moment during its lifetime, regardless of
how old it is. (eg. windscreen)

b

M A

increasing failure rate = unit becomes
more likely to fail as it gets older, so it 15
ageing, (eg. any mechanical item)

decreasing failure rate — unit gets less
likely to fail as it gets older.

{eg. new vehicle, as it passes through
'unning in' period)




In practice, the hazard function of a unit or system is often assumed to change in the

following manner:
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Decreasing failure rate;
often due to so-called
"infant mortality" or
"burnin"

(Weibull)

Constant Failure
rate for mgjority
of lifetime
(exponential)

> Feve b

Increasing failure rate;
often dueto items
"wearing out" or
"ageing"

(Weibull)

- the so-called BATHTUB curve. For such acurve, the different periods of the item's life
are modelled by different standard distributions as shown in brackets. Thiswill be

discussed in more detail later.

It should be noted that, in reality, an item’s hazard function (instantaneous failure rate) is
unlikely to remain constant throughout the majority of itslifetime. Most items age
gradually throughout their entire life rather than suddenly starting to deteriorate towards
the end, as implied by the Bathtub curve. Thiswill be discussed in more detail in Section

3.4.4.

The cumulative hazard function is defined from the hazard function as

H(t) = J h(t)dt

0

and it can be shown that

[RQ=e™___]

or

| HH) =—InR() |

J An upwardly-curving cumulative hazard function (chf) then indicates an increasing failure

rate as the component ages,

whilst adownwardly-curving chf indicates decreasing failure rate.



Note that f(t), F(t), R(t), h(t) and H(t) give mathematically equivalent descriptionsof T in
the sense that, given any one of these functions, the other four functions may be deduced.

(iii) Mean Time Between Failures

The Mean Time Between Failures (MTBF) is aconcept which is frequently used in
reliability work. It is defined to be the ‘average' or 'expected' lifetime of an item.
Alternative notation is . or E(T).

Then, from the definition of a mean or expected value,
MTBF = r tf (t)dt
0
Alternatively
MTBF = Jw[l— F(t)]dt
0

We most commonly express the mean time between failures in terms of the reliability
function, namely

00

MTBF = J R(t)dt
0
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. Fu=[fn)a

. R(t)=1-F(t)

dF(t) __dR()

T =T, it
f
« n)= %

. H()= £ h(t)dt

«  RM=e"

. HO=-4nR()

. MTBF= [tf(t)dt=R() dt




3.3 LIFETIME FOLLOWING AN EXPONENTIAL
DISTRIBUTION

We have previously seen (Section 2.7) that the exponential distribution is a useful model
of the time (or length) between failures in situations where the failures are happening

. at random
and
. at aknown rate, A.

The p.d.f. isthen given by

f(t)=Ae™  fort>0

3.3.1 Associated Functions

(i) Thenthecdf is

Ft) =PT<t)

rt

= | f@)dt

J0

rt

= | deMdt

[
o

() Survival/Reliability Function

Then since
Rt =1-F®

=1-[1-€"



R(t) =e™

if the item's lifetime follows an exponential distribution.

(iii) Also, the hazard function is given by

Soin this case

f
h(t) = —R((tt))
hy =2
e

That is, in the case of an item whose lifetimeis found to follow an exponential
distribution:

h(t)=A (i.e. aconstant)

(iv) The mean time between failures (MTBF) is

(i)

Ry
MTBF = | R(t)dt

Jo

=| e™Mdt

Finally, the cumulative hazard function is
H(t) = £h(t)dt = £/\dt = Xt (i.e. astraight ling)
{ Alternatively obtained from H (t) = -InR(t) = —In(e™) = At}



Examples (Assuming constant failure rates.)

() A system has afailure rate of 2 x 10 failures’hours. What is the mean time
between failures?

(i) A component has afailure rate of 5 failures/10° hours. What is the probability that
the component will still be working after 10,000 hours of operation?

(iii)  Assumethat a guided missile has atrue MTBF of 2 hours and constant failure rate.
What is the probability of the missile failing to complete a two-hour mission?

Solution (Using time units of 1 hour)

() A =0.002 failures/ hour
Then the MTBF = —=——— =500 hours

(i) A =5x10"° per hour

Weknow that R(t) =e™
Then R(10000) = e_(5>‘10_6)(10000)

— A 005
=e

= 0.951
@ii)  MTBF = 2hours - A =0.5 per hour.
P(X <2) =F(2) where F(t)=1-e™

Then F(2)=1- o2

1-¢e*

1-0.368

0.632



332 Constant Hazard Function

Refer back to the so-called "Bathtub curve" for the hazard function of a system or item.

N7

It can be seen that within region (B), the hazard function is constant. That is, within
region (B) thelifetime of the system can be modelled by an exponential distribution.

To handle other situations where the hazard function is changing with time, such as (A)
and (C) above, we need a more general lifetime distribution than the exponential. The
following distribution — the WEIBUL L _ distribution — is very flexible, and has been
found to fit many real sets of lifetime data. It istherefore commonly used in reliability
anaysis.

332 Summary

For an item or system whose lifetime follows on exponential distribution

f(t) = Ae™

. Fty=1-¢&M

. R(t) = eM
. h(t) = A
. H(t) = At

. MTBE = =
A




34 LIFETIME FOLLOWING A WEIBULL DISTRIBUTION

If lifetimes have a Weibull distribution then the p.d.f. is:

Y
f(t):ﬁa‘ﬁtﬁ‘lexp{—(g} }

The Weibull pdf contains two parameters, a and [3.

The scale parameter, a, reflects the size of the unitsin which the random
variable, t, is measured.

The shape parameter, f, causes the shape of the distribution to vary. By
changing the value of Swe can generate a widely varying set of curves to model
real lifetime failure distributions.

The effects of different scale and shape parameters on the Weibull distribution are:

£
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Soecial case:

B = 1 resultsin the pdf collapsingto f(t) =a'e™" where o' :§

which is an exponentia distribution with rate a’ (or mean 1/a').

3.4.1 Associated functions

£\
If f(t) = Ba~PtF?t exp{—(—j ]

a

then it can be (fairly easily!) shown that the (i) cumulative distribution function is

F(t) = J f(t)dt

isgivenby: |F(t)=1- e‘(%)B

Then R(t) = 1 — F(t) givesthe (ii) reliability function

rRiy=e e

and the (iii) hazard function h(t) =~ is

R()

Ba? (tB—le‘(%)B)
T

h(t) =

i.e h(t) =Ra Ptk

It can also be shown that the (iv) MTBFis

MTBF = oﬂ'(1+}é)

where " denotes the gamma function. Tables of gammafunctions are available to assist in
cal culating the mean time between failures — see table at back of notes.
NBIfx>2 IN'(x)=(x-)r(x-1

Finally, the (v) cumulative hazard function is

H(®) = -InR() = -'”{e(;)ﬁ} i Gjﬁ
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(1)

(ii)

{1ii)

(iv)

Time-dependant hazard function

For aWeibull lifetime distribution, the hazard function is given by

h(t) = o PP

Thiswill give various forms for the hazard function depending on the value of 3, as

follows;

f=1

L.e. "The older it is, the less likely it will fail.’
This is called NEGATIVE AGEING.

B=1

Alt =1
i

Le age has no effect on how likely ifem is fo fail.
We say that the system has WO MEMORY".

i{l}{z

Le. 'The alder if is, the more likely it is to fail'".
This is called "POSITIVE AGEING',

M) = 2at
Le. 'the older it is, the more likely it is to fail

(Special case: Lifetime then has a Rayleigh distribution)

ey
A
[
=)
&
nie)
e
able)

r¥



™  B=2 phe

1.e. 'The older if is, the more likely it is to fail”.

("
{.."'ri:' M 1\ h[ lrﬁj
{Special case: Lifetime then has a normal distribution)
i -

Example

The lifetime of a component (in thousands of hours) is found to have aWeibull
distribution with a = 0.5 and 3 = 2. Find the probability that the component will fall
before 2000 hours of operation.

5 2

Here R()= e_(ij - e‘(é] e

Then R(Q)=e™*'=e™
=1.13x10”"

Required probability = 1-1.13x107"

=1 (i.e.amost certainly.)

343 Summary

The standard reliability results for the Weibull distribution are then:

Fy=1-ele

. RE=eld
o h(t) = o Pttt
t B
()
a
. MTBF=a« r(1+%j




where " denotes the gamma function. Tables of gamma functions are available to assist in
calculating the mean time between failures.

Note that when 3 = 1, the Weibull distribution becomes the exponential distribution, with
A =la.

Example

Find the MTBF for the component on the previous example.
The lifetimes (in thousands of hours) have a Weibull distribution witha =0.5and 3 = 2.

Then MTBF = al'(l+%] = 0.5F(1+%)

= % X F(gj = %x 0.886227 (from tables of the gamma function.)

= 0.443 (thousands of hours)

i.e. 443 hours.

3.4.4 Bathtub Curve

For the "Bathtub Curve" shown earlier, we note that the different periods of the item's
lifetime can be modelled by the following distributions

Section (A) (initial 'burnin’):
- Weibull distribution, B <1

Section (B) (Constant failure rate):
- Exponential distribution

Section (C) (‘wear out'):
- Weibull distribution, 3 > 2.

In practice, lifetime distributions other than the Bathtub curve may be obtained, in which
case other combinations of distributions can be used to model the item's lifetime at the
different periods throughout its life, as appropriate.



35 LIFETIME FOLLOWING NORMAL ORLOGNORMAL
DISTRIBUTIONS

Although the normal distribution is the most commonly used distribution in statistics, it is
rarely used as alifetime distribution. The lognormal distribution is used more frequently,
in which case log(lifetime) is taken to have anormal distribution. The associated functions
of these distributions are more complex than those for the exponential and Weibull
distributions although Minitab for example can deal with them just as easily.

3.6 USING THE FUNCTIONS: AN APPLICATION INMINITAB

Having fitted a standard probability distribution to a set of reliability data, the next step is
to use the associated reliability characteristics (hazard function, reliability function, ....)
together with the 'best fit' parameters for the fitted distribution, to make predictions, and
answer questions of interest related to the data.

This process will be demonstrated by means of an example.

Example

A relay iscritical in the operation of a piece of communications equipment. Sixteen relays
are life-tested and the following actuations to failure recorded:

Failure Actuations

[ t

1 3.8

2 6.6

3 8.2

4 9.5

5 11.0
6 11.9
7 14.7
8 17.1
9 19.2
10 21.9
11 235
12 24.5
13 27.9
14 29.9
15 33.0
16 37.2

(Actuations arein 100,000 (i.e. multiply by 10°))

Do the data suggest that the lifetime of thisrelay follow a Welbull distribution?



If so:
() Estimate the Weibull parameters a and 3.

(i) Estimate the expected lifetime of thisrelay.
(@iti)  Find thelifetime distribution and faillure rate. What do these plots suggest?

(iv)  Write down the reliability function and calculate the probability that one of these
relays will still be operating after amillion actuations.

Solution
Four-way Probability Plot for actuation data
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Points on the above ID-plot are approximately linear for the Weibull distribution
indicating that it is reasonable to assume that the lifetime of this relay does follow a
Weibull distribution.

() From STAT>REL/SURV>PROB PLOT:

Probability piot for actuation data

Weibuil Distribution
No censoring

Shape 2.03936
Scale: 21.1959

Char. Life: 21.1959

~
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Time to Failure

estimate of the shape parameter 3 is 2.03936

estimate of the scale parameter o is 21.19591 x 10°  (note: 10° are the units of
the data.)



and fitted Welbull distribution has pdf

t

f(t) =(2.04)(2119) **t** exp{—(m) | }

t 2.04
; - 1.04 _
i.e. f(t) = (0.004)t exp[ (2119) }
(i)  Then, for aWeibull distribution
1
MTBF = ar(1+_j
B

_ 1
= (21.19).r(1+ 204)

= 21.19.1 (1.49)
= 21.19(0.886) = 18.77x10° actuations

(i) STAT>REL>overview plot

Overview Plot for actuation data

No censoring
Weibull Probability Survival Function

3 B SERB3E8R 8
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cs8 385383888
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Hazard Function Cum Hazard

Percent
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1 1 1 d 1 1

The hazard function increases more and more steeply with time, so therelay is
ageing with time. Thisis positive ageing.

Note that the shape of the hazard function h(t) above suggests 5> 2 (by
comparison with plots on pages 120 and 121). Compare this with the estimate of
Sof 2.04.)



(V)

For aWeibull distribution:
R(t) = e ¥’

In this case

- 53"

Note that 1 million actuations= 10 x 10° i.e. 10 ‘time units’, so we require the
reliability at t = 10:

R(10) = exp{— (%} 2'04} = 0806

i.e Thereisan 81% chance that the relay will still be operating after 1 million
actuations, based on the sample data given.
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SYSTEM RELIABILITY

Suppose that we have to calculate the Reliability of a system made up of severa
components. The total reliability can be calculated by calculating the reliability of each
individual component, and combining these individual reliabilities. Theway in which
they are combined depends on the way in which the components are connected. That is,
whether they are connected:

- in series
- in parallel
- combination of seriesand parallel.

Series System

Consider a system of n components connected in series so that the system will only work
(i.e. asigna will passfrom X to Y) if all of the components work.

X —» Ay 4+A2 —» Az |—> —> A, > Y

If the components fail independent of each other it is easy to show that if Ry, R, ..., Ry are
the reliabilities of the individual components, then the reliability of the systemis given by:

Rsystan: R]_XRZX e XRn

Example

Consider a system of 3 components connected in series, each component having a constant
failurerate. (In other words, the components have exponential lifetimes.) These rates for
components A, B and C are 0.2, 0.4 and 0.5 per 10,000 hours respectively. Thuswe have

—[A (02) }—
For constant failurerate A, reliability
R(t) = e
Thus for component A,
Ra=€"
Similaly,  Rg=€%*and Rc =%,
Hence the reliability of the system is:

R(t) — e—0.2t x e—0.4t x e—0.5t



— 02t-04t-05t
= e

— Lt
= e

Then, for example, the probability that the system is still working after
20,000 hours = R(2) = %% = 0.1108.

372 Parallel System

If n components are connected in parallel

A,

X > A, » Y

An

so that the system works (signal from X to Y) aslong as at least one of the components
works. The reliability of the system (again assuming independent failures) is then:

Reysem = 1- P(all fail)

1—[P(A fails) x P(A; fails) x ... x P(Aq fails) ]

1-1-R)(1-Ry) ...(1-Ry)

Rysen =1- r] (1-R)

Example

Component A with a constant failure rate of 1.5 per 1000 hrs and component B with a
constant failure rate of 2 per 1000 hrs are connected in parallel. Find the overall reliability
of this system. (Note that components A and B have exponential lifetimes.)
Solution
For the individual components, assuming a constant failure rate

Ra(t) =™

Ra(t) = €™

Then if these components are connected in paralle,



3.7.3

Resen(t) = 1= [(1~Ra(0) X (1~ Re())]
=1-[(1-e™) (1-e™)]
=1-[1- g Lot _ g2 gl8t e—Zt]

= @15ty g2t _ L5t

— L5t g2t o35t
Then, for example, the probability that the system is still working after 1000 hoursis
R(1) = 150 4 g2(1) _ g 350)

=0.3283

ie. thereisa33% chance that such a system will still be working after 1000 hours.

Mixed System

To evaluate reliability of a system comprising both parallel and series sections, divide the
system into 'series only' and ‘parallel only' subsystems. Find the reliability of each
subsystem as above then combine in a suitable manner.

Example

Find the reliability of the system shown, where the number in brackets indicate the
constant failure rates per year for each of the components.

A (02) C (0.5)

B (08 |{D (04

Solution
Consider the two branches (AC) and (BD) first. These are both series 'subsystems. Then

Reliability of top branch

Riop(t) = Ra(t) x Re(t) = €% x g% = %%

Reliability of bottom branch = Rpeom(t) = Ra(t) X Rp(t) = e %8 x 2% = g2

We can then consider these two subsystems (AC) and (BD) as part of alarger system,
namely



AC

BD

and for this parallel system
Rsystem(t) =1 —[(1 —Rac(t)) * (1 - Reo(t))]
=1-[(1-e*) x (1-e™7)]
=1-[1-e%%—g'?+ %% g
~06t | 12t 18t

e T +te e

Then, if for example we wish to find the probability that the system will still be
operational after 6 months, R(0.5), we have

R(0.5) = 609 4 1209 _ 1809
=0.741 + 0.549 - 0.407
=0.883

(i.e. there is an 88% chance that the mixed system under consideration will still be
operational after 6 months.)

Example (continued)

What is the expected lifetime of this system?

Solution (continued)

MTBFor E(T) = ['R(t)dt = [ (€% +e™* —e™* )t

_ e—O.Gt +e—1.2t _e—1.8t @ _(O)_( 1 N 1 B 1 j
-06 -12 —1.80 -06 -12 -18

_ 11 oma units
06 12 18

Thus the expected lifetimeis 1.94 years.

NB The above examples all have constant failure rates (or hazards) —i.e. exponential
lifetimes. The same approach can be used in other situations (e.g. Weibull lifetimes.)
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