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Abstract. The relationship between cyclic covers and perfect models of indefinite
stratified deductive databases is discussed with respect to query answering, view updates
and partial evaluation.

The notion of a conjunctive answer to a database query is introduced, and such
answers are shown to have a number of advantages over (the more commonly studied)
“disjunctive” answers. The problem of computing conjunctive answers is shown to be
a special case of the view update problem.

Cyclic covers are shown to characterise perfect models, conjunctive answers and
view updates, and using this characterisation a method is presented for solving the
view update problem, and hence for computing conjunctive answers. In addition, cyclic
covers are shown to yield methods of partially evaluating (ie., pre-processing) the inten-
sional database, for instance to facilitate query compilation, the removal of recursion
and the removal of positive or negative intensional sub-goals. Such pre-processing is
immune to future changes in the extensional database.
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INTRODUCTION.

A deductive database allows the representation of data and data relationships using
logical formulae of the form

A1(x1) ∧ . . . ∧Ah(xh) ∧ ¬Ah+1(xh+1) ∧ . . . ∧ ¬Ah+r(xh+r)→ B1(y1) ∨ . . . ∨Bk(yk)

where each Ai(xi), Bj(yj) is a first order (positive) atom.
Given such a representation, the meaning of the information in the database is

given by the declarative semantics. In this paper we restrict our attention to stratified
(indefinite) databases, and interpret these using (what is often regarded as) the most
natural semantics defined by perfect models, thus a statement Φ is true in a database
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T iff it is true in every perfect model of T , and we write T |= Φ. We examine the
relationship between perfect models and cyclic covers with respect to query answering,
view updates and partial evaluation.

A query against a database T is typically an expression of the form ?Q(x), repre-
senting a request for information about those instances (or combinations of instances)
of Q(x) that are true in T . In indefinite databases it is normal to consider an answer
to be a set D of ground instances of Q(x) such that T |=

∨
D, and we refer to such

answers as disjunctive answers.
The problem with disjunctive answers is twofold. Firstly, if D′ ⊂ D are both

disjunctive answers to the query ?Q(x), then the pair of answers D′,D gives us no
new information about the query beyond that which is provided by the subsuming
answer D′, ie., the non-minimal answer is completely redundant. Secondly, minimal
disjunctive answers are very difficult to compute in an efficient manner, the only known
strategy being to generate disjunctive answers, and then remove redundant answers
by subsumption. As indicated above, the computation employed in producing a non-
minimal answer is completely wasted.

In this paper we address these issues by considering an alternative form of answer
which we refer to as conjunctive answers. Specifically a set A of ground instances of
Q(x) is a conjunctive answer to the query ?Q(x) iff there is some perfect model M
of the database such that A is the set of (ground) instances of Q(x) that hold in M .
Intuitively, the perfect models of T represent the “possible interpretations” of T , and A
is thus a conjunctive answer if it is one of those sets of ground instances of Q(x) which
could occur (in some such possible interpretation).

We argue (Section 2) that non-minimal conjunctive answers are not redundant, in
that if A′ ⊂ A are both conjunctive answers, then A provides information about the
query that is not provided by A′. We also show that conjunctive answers provide more
information about a query than do their disjunctive counterparts. Specifically the set
of disjunctive answers can be readily computed from the set of conjunctive answers,
whereas the converse is not the case. Our arguments in Section 2 are not restricted to
perfect models, and could equally well be made for other model-theoretic semantics.

The view update problem is concerned with indirectly modifying a view (ie., a de-
rived or intensional predicate) by an appropriate modification of the extensional data-
base. We show, somewhat surprisingly, that the problem of computing conjunctive
answers can be readily reduced to the problem of inserting tuples into a view.

In Section 3 we review the basic definitions and properties of cyclic trees and
cyclic covers. Cyclic trees were introduced in [Jo96] as a means of testing minimal
and perfect model membership, and cyclic covers were introduced in [Jo95] as a means
of processing queries under the perfect model semantics. We show that cyclic covers
characterise perfect models, conjunctive answers and the view update problem. Methods
for constructing cyclic covers are presented in [Jo95], and we illustrate an adaptation
of these methods for performing view insertions (and hence for computing conjunctive
answers).

Query compilation involves a pre-processing of the intensional database, so that
query processing subsequently requires a manipulation of the extensional database only.
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Partial evaluation involves a partial pre-processing of the (intensional) database so that
query processing is simplified in some manner (and in this sense, compilation can be
regarded as a query specific form of partial evaluation). The relationship between
cyclic covers and various forms of intensional pre-processing is discussed in Section 4.
In particular, we show that cyclic covers yield methods of compiling queries, identi-
fying redundant rules, eliminating recursion and eliminating positive and/or negative
intensional sub-goals from the intensional database. The general structure of a deduc-
tive database is generally expected to be a large transient extension, and a relatively
smaller, static intension. We therefore insist that our pre-processing does not employ
the extension and in particular is immune to future changes in the extensional database.

For the most part we consider only the ground level (without variables), although
in Section 5 we discuss the problems involved in lifting our results and methods to the
first order level. Section 5 also contains some concluding remarks. Section 6 compares
the results of the current paper with other related work from the literature.

§1. TERMINOLOGY.

1.1 Language and rules.

Throughout L will denote a finite propositional language L = {P1, P2, . . . , Pn}. A
positive literal is a predicate, and a negative literal is the negation of a predicate. We
assume the existence of a level function 	 : {P1, P2, . . . , Pn} → {0, 1, 2, . . . , n}. For each
predicate P we define 	(¬P ) = 	(P ). If P is a set of literals and α ≤ n, then we define
Pα = {K ∈ P | 	(K) = α}, P≤α = {K ∈ P | 	(K) ≤ α} and P<α = {K ∈ P | 	(K) <
α}, etc. EXT(L) = L0 denotes the set of extensional predicates, and INT(L) = L>0 is
the set of intensional predicates. If C is a set of literals, then EXT(C) denotes the set
of extensional positive literals in C, ie., EXT(C) = EXT(L) ∩ C.

Stratification requires that recursion cannot proceed via negation, this requirement
being expressed in the following constraints on database rules.

1.1.1 Definition. A rule C is a formula of the form

A1 ∧A2 ∧ . . . ∧Ah ∧ ¬Ah+1 ∧ ¬Ah+2 ∧ . . . ∧ ¬Ah+r → B1 ∨B2 ∨ . . . ∨Bk

such that:
(i) each Ai and each Bj is a predicate in L and k > 0,
(ii) for each j ≤ k, 	(Bj) = 	(B1),
(iii) for each i ≤ h, 	(Ai) ≤ 	(B1),
(iv) for 1 ≤ i ≤ r, 	(Ah+i) < 	(B1),
(v) h = r = 0 iff 	(B1) = 0.
We define antec(C) = {A1, A2, . . . , Ah}, N (C) = {Ah+1, Ah+2, . . . , Ah+r}, N (C) =
{¬Ah+1, ¬Ah+2, . . . ,¬Ah+r} and conseq(C) = {B1, B2, . . . , Bk}. Let 	(C) = 	(B1).

A deductive database is a set of rules, which throughout will be denoted by T . T
is said to be positive iff N (C) = ∅ for each C ∈ T .
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We also define Tα = {C ∈ T | 	(C) = α}, etc. The extension of T is given by
EXT(T ) = T0 and the intension by INT(T ) = T>0. If C = B1∨B2∨. . .∨Bk ∈ EXT(T ),
then we may confuse C with the set of its constituent predicates C = {B1, B2, . . . , Bk}.

1.1.2 Definition. Let C be a rule and M ⊆ L. Then M models C (written M |= C)
iff antec(C) ⊆ M =⇒ M ∩ (conseq(C) ∪N (C)) �= ∅.

M models T (written M |= T ) iff M |= C for each C ∈ T .

1.1.3 Definition [Pr88]. A model M of T is perfect iff whenever α ≤ n (= |L|) and
M ′ ⊂ Mα, then M<α ∪M ′ �|= Tα.

Przymusinski’s original definition of perfectness used the notion of preferability,
although for the purposes of the current paper, the above is all that is needed. Thus a
perfect model M is formed by iteratively minimizing the predicates in the model, and
thus can be viewed as a stratified form of minimalism. Specifically M0 is a minimal
model of T0, and given M<α, Mα is a minimal subset of Lα such that M≤α |= Tα. It is
easy to show [Pr88] that every perfect model is minimal, and if T is positive, then the
converse holds.

1.1.4 Theorem. Let M ⊆ L, then the following are equivalent.
(i) M is a perfect model of T ,
(ii) for each α ≤ n, M≤α is a perfect model of T≤α,
(iii) for each α ≤ n, M≤α is a minimal model of T≤α.

1.1.5 Definition. If Φ is a formula in L, then T |= Φ iff Φ is true in every perfect
model of T .

Two databases are regarded as equivalent iff they have the same perfect models.

1.1.6 Theorem. If T ⊆ T ′, then T and T ′ are equivalent iff each perfect model of T
is a model of T ′, ie., T |= T ′.

Proof (←). Let M be a perfect model of T , then by hypothesis, M is a model of T ′.
If M is not a perfect model of T ′, then we may find an α ≤ n and an M ′ ⊂ Mα such
that M<α ∪M ′ |= T ′

α. But then M<α ∪M ′ |= Tα, contradicting the fact that M is a
perfect model of T .

If M is a perfect model of T ′, then M is a model of T . If M is not a perfect
model of T , then we may find an α ≤ n, an M ′ ⊂ Mα and an M∗ ⊆ L>α such that
M<α ∪M ′ ∪M∗ is a perfect model of T . But then M<α ∪M ′ ∪M∗ is a model of T ′,
whence M<α ∪M ′ |= T ′

α, contradicting the fact that M is a perfect model of T ′.
(→). This direction is trivial.

§2. QUERY ANSWERS.
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In this section we introduce the concept of a conjunctive answer to a database
query. We show that all such answers (including those that are non-minimal) provide
useful information about the query, and that disjunctive answers are readily computed
from the set of conjunctive answers (whilst the converse is not the case). We also
attempt to give informal criteria indicating when it might be compuationally preferable
to compute conjunctive rather than disjunctive answers. Finally we show that the
problem of computing conjunctive answers can be reduced to the problem of performing
view insertions.

2.1 Conjunctive answers.

2.1.1 Definition (a). A query is an expression of the form ?Q, where Q ⊆ L.
(b). A disjunctive answer of ?Q is a set D ⊆ Q such that T |=

∨
D. A disjunctive

answer is said to be minimal iff it properly contains no other disjunctive answer.
(c). A set A ⊆ Q is a conjunctive answer of ?Q iff there is a perfect model M of T
such thatM ∩Q = A. A conjunctive answer is minimal iff it properly contains no other
conjunctive answer.

Note (1). T |=
∨
Q iff each conjunctive answer is non-empty. Moreover if T �|=

∨
Q,

then computing disjunctive answers tells us nothing about Q (beyond the fact that
T �|=

∨
Q).

(2). The above definition is consistent with the first order level, since a first order query
?Q(x) can be regarded as ?{Q(a) | a is a ground instance of x}.
(3). We will see in Section 3 that in order to compute the set of conjunctive answers,
we do not need to compute perfect models in their entirety. This is important since
perfect models would typically be large and numerous. Moreover many perfect models
might well yield the same conjunctive answer. Theorem 3.3.1 indicates that for each
conjunctive answer A, we need to generate a cyclic cover (see Definitions 3.2.1/2) which
witnesses that A is the intersection of Q with some perfect model.

We first illustrate that every (possibly non-minimal) conjunctive answer can be
regarded as providing useful information about the query ?Q.

2.1.2 Example. Suppose that T consists of the following rules:

P ∨R ∨ S P → Q3 P → Q1 ∨Q2 Q1 → Q2

S → Q1 R → Q1 R → Q2 R → Q3

and we have the query ?Q, where Q = {Q1, Q2, Q3}.
Clearly the perfect/minimal models of T are {P,Q2, Q3}, {S,Q1, Q2}, and {R,Q1,

Q2, Q3}. Hence the minimal disjunctive answers of ?Q are {Q2} and {Q1, Q3}. The
conjunctive answers are {Q2, Q3}, {Q1, Q2} and {Q1, Q2, Q3}.

What information about the query do these answers give us? The fact that {Q2}
is a disjunctive answer tells us that Q2 is true in all perfect models, and the fact that
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{Q1, Q3} is a minimal disjunctive answer tells us that Q1 ∧¬Q3 is true in some perfect
model, as is ¬Q1 ∧Q3.

Neither the disjunctive answers, nor the conjunctive answers of size 2 (ie., {Q2, Q3}
and {Q1, Q2}) tell us whether (or not) there is a perfect model in which Q1 ∧Q2 ∧Q3

is true (ie., whether Q1 ∧Q2 ∧Q3 might be true).
This information is obviously given by the last of our conjunctive answers, ie.,

{Q1, Q2, Q3}, thus showing that this non-minimal answer is not redundant as regards
providing useful information about ?Q.

2.1.3 Example. Suppose that T consists of the following rules:

P ∨ S P → Q3 P → Q1 ∨Q2 Q1 → Q2 S → Q1

and we have the query ?Q, where Q = {Q1, Q2, Q3}. Again the minimal disjunctive
answers of ?Q are {Q2} and {Q1, Q3}, whereas in this case the conjunctive answers are
{Q2, Q3} and {Q1, Q2} only.

The following theorems show that disjunctive answers can be computed from con-
junctive answers. As illustrated in the above examples, the converse is not the case, thus
conjunctive answers provide more information about a query than do their disjunctive
counterparts.

2.1.4 Theorem. Let ?Q and D ⊆ Q be given, then the following are equivalent.
(a) D is a disjunctive answer,
(b) D intersects every conjunctive answer,
(c) D intersects every minimal conjunctive answer.

Proof (a) → (b). Suppose that D ⊆ Q is a disjunctive answer, and A is a conjunctive
answer with associated perfect model M . Then D ∩ A = D ∩ M ∩ Q = D ∩ M �= ∅
(since D ⊆ Q and M |=

∨
D).

(b) → (c) is trivial.
(c) → (a). Suppose that M is a perfect model of T . Let A be a minimal conjunctive
answer such that A ⊆ M ∩Q, then since A ∩D �= ∅, we must have that M ∩ D �= ∅.

2.1.5 Corollary. Let D ⊆ Q be a disjunctive answer to the query ?Q, then the
following are equivalent.
(a) D is minimal,
(b) for each Q ∈ D there is a minimal conjunctive answer A such that D ∩A = {Q},
(c) for each Q ∈ D there is a conjunctive answer A such that D ∩A = {Q}.

Proof. Firstly note that D is minimal iff for each Q ∈ D there is a perfect model M
such that M ∩ D = {Q}.
(a) → (b). Suppose that D is minimal, Q ∈ D, and there is no minimal conjunctive
answer A for which D ∩ A = {Q}. Let A be a minimal conjunctive answer, then by
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Theorem 2.1.4, ∅ �= D ∩ A �= {Q}, thus (D − {Q}) ∩ A �= ∅. Since D − {Q} intersects
every minimal conjunctive answer, D−{Q} is (by Theorem 2.1.4) a disjunctive answer,
thus contradicting the minimality of D.
(b) → (c) is trivial.
(c) → (a). Suppose that D′ ⊂ D and Q ∈ D−D′. Let A be a conjunctive answer such
that D ∩A = {Q}, then D′ ∩ A = ∅, whence by Theorem 2.1.4, T �|=

∨
D′.

2.1.6 Corollary. Given ?Q and Q0 ∈ Q, then Q0 belongs to some minimal disjunctive
answer of ?Q iff Q0 belongs to some minimal conjunctive answer of ?Q.

Proof (←). Let A be a minimal conjunctive answer with Q0 ∈ A, and let M0 be the
associated perfect model. Let (Mi | 1 ≤ i ≤ m) list all other perfect models of T , then
for each i > 0 we have Mi ∩ Q �⊂ A, by the minimality of A. For each i > 0, pick
Qi ∈ Mi ∩Q such that Qi = Q0 if Mi ∩Q = A; Qi ∈ Mi ∩Q−A otherwise.

Clearly T |=
∨m

i=0 Qi. If D is a minimal disjunctive answer such that D ⊆ {Qi | 0 ≤
i ≤ m}, then since M0 |=

∨
D, we have ∅ �=M0 ∩ D ⊆ M0 ∩ {Qi | 0 ≤ i ≤ m} = {Q0},

whence Q0 ∈ D.
(→). This follows trivially from the preceding corollary.

It is well known that minimal (and perfect) model membership can be characterised
syntactically, ie., that Q0 belongs to some perfect model of T iff there is a disjunct
Q0 ∨ A1 ∨ A2 ∨ . . . ∨ An such that T |= Q0 ∨ A1 ∨ A2 ∨ . . . ∨ An but T �|=

∨
D for any

D ⊂ {Q0, A1, A2, . . . , An}. (In the terminology of Definition 2.1.1, {Q0, A1, A2, . . . , An}
is a minimal disjunctive answer of the query ?L.) However, perfect model membership
is not sufficient to guarantee membership of a minimal disjunctive answer of the query
?Q. For example if T = {Q0 ∨Q,R∨S} and Q = {Q0, R, S}, then Q0 belongs to some
minimal model of T , and hence to some conjunctive answer (eg., {Q0, R}), but Q0 does
not belong to any minimal disjunctive answer of ?Q. By the above corollary, this is
because Q0 does not belong to a minimal conjunctive answer of ?Q.

2.2 Conjunctive vs. disjunctive answers.

When might it be more appropriate to compute conjunctive rather than disjunctive
answers? We have already made the point that conjuctive answers do provide useful
information about a query, and so from a logical perspective we might argue that they
should always be computed. What, however if we look at the issue from computational
grounds? Consider the following examples.

2.2.1 Example. Suppose that T = {Q2i ∨ Q2i+1 | 0 ≤ i ≤ n}, and the query under
consideration is ?Q where Q = {Qi | 0 ≤ i ≤ 2n+ 1}.

Clearly the minimal disjunctive answers to ?Q are those disjuncts to be found in
T . On the other hand there are 2n+1 conjunctive answers, and clearly computing all of
these would be impossible for large n.
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2.2.2 Example. Suppose that T = {
∨n

i=0 Q3i} ∪ {Q3i → Q3i+1 ∨Q3i+2 | 0 ≤ i ≤ n},
then the conjunctive answers to the query ?{Qi | 0 ≤ i ≤ 3n + 2} are of the form
{Q3i, Q3i+k} where i ≤ n, k ∈ {1, 2}.

There are however 2n+1 minimal disjunctive answers, these being of the form

{Q3i | i ∈ I} ∪ {Q3i+k | i �∈ I, k ∈ {1, 2}}

for any I ⊆ {0, 1, 2, . . . , n}.

Needless to say, we can produce examples in which both forms of answer suffer
from such computational problems.

2.2.3 Example. Suppose that T is the database

{Q2i ∨Q2i+1 | 0 ≤ i ≤ n} ∪ {Q0 →
m∨

j=0

P3j} ∪ {P3j → P3j+1 ∨ P3j+2 | 0 ≤ j ≤ m}

then the minimal disjunctive answers to the query ?{Qi | 0 ≤ i ≤ 2n + 1} ∪ {Pj | 0 ≤
j ≤ 3m+ 2} are of the form

{Q2i, Q2i+1}

for 0 ≤ i ≤ n, and

{Q1} ∪ {P3j | j ∈ I} ∪ {P3j+k | j �∈ I, k ∈ {1, 2}}

for any I ⊆ {0, 1, 2, . . . ,m}. The conjunctive answers are of the form

{Q1} ∪ {Q2i+g(i) | 1 ≤ i ≤ n}

and
{Q0} ∪ {Q2i+g(i) | 1 ≤ i ≤ n} ∪ {P3h, P3h+k}

for any g : {1, 2, . . . , n} → {0, 1}, 0 ≤ h ≤ m and k ∈ {1, 2}.

What general guidelines can we come to? Needless to say, conjunctive answers are
computationally preferable when there are substantially fewer conjunctive answers than
disjunctive answers. The above examples suggest that this will be the case when there
are strong interdependencies between the elements of Q within perfect models.

For example, in Example 2.2.1, the only dependencies which hold within per-
fect/minimal models are Q2i ↔ ¬Q2i+1, whereas in Example 2.2.2, the dependencies
which hold are Q3i → ¬Q3j (j �= i), Q3i ↔ Q3i+1 ∨ Q3i+2, and Q3i → (Q3i+1 ↔
¬Q3i+2).

In practice it seems unlikely that we would be able to compute a measure of the
strength of such interdependencies. However, the possibility of using some higher level
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meta-knowledge as a guide seems a reasonable possibility. The following example illus-
trates the point.

2.2.4 Example. Suppose that we have a database containing spatial information about
points, line segments, etc. Locations in the plane are represented by a pair of integers
(x, y), each lying in some given (large) range. start(l, x, y) gives the (x, y) co-ordinates
of the start of the line segment l, and the end-point is given by end(l, x, y). The derived
relation on(l, x, y) indicates that the point (x, y) lies on l (perhaps to within some small
tolerance). Suppose that our database contains the facts

start(l1, 0, 0) ∨ start(l1, 50000, 0) and end(l1, 0, 100000)

and also suppose that we have a number of points of interest pi, qj , together with their
locations

loc(p1, 0, 1000), loc(p2, 0, 34543), loc(p3, 0, 78988), loc(p4, 0, 98080),

loc(q1, 40000, 20000), loc(q2, 25000, 50000), loc(q3, 10000, 80000).

Suppose that we ask which of these points lies on l1, then the query

? loc(p, x, y)∧ on(l1, x, y)∧ (p = p1 ∨ p = p2 ∨ p = p3 ∨ p = p4 ∨ p = q1 ∨ p = q2 ∨ p = q3)

has 12 minimal disjunctive answers of the form

(loc(pi, 0, ai) ∧ on(l1, 0, ai)) ∨ (loc(qj , bj , cj) ∧ on(l1, bj , cj)).

Informally, for each i ≤ 4 and each j ≤ 3, either pi or qj lies on l1. Such answers
are numerous (and in addition are not particularly helpful in visualising the topology).
This is to be expected since the values that satisfy the query within a given model are
highly interdependent. Specifically, if we know that the position of one of the points of
interest is on (or off) the line, then the positioning of the other points (ie., on or off the
line) is immediately determined.

On the other hand, there are just two conjunctive answers, namely

{loc(pi, 0, ai) ∧ on(l1, 0, ai) | 1 ≤ i ≤ 4} and

{loc(qj , bj , cj) ∧ on(l1, bj , cj) | 1 ≤ j ≤ 3}.

Such answers would be far more useful in understanding the topology. Note also that a
user requesting that (the various possibilities for) l1 be drawn, is in effect requesting that
the various conjunctive answers to the query ?on(l1, x, y) be computed (and depicted
graphically).

2.2.5 Example. Suppose that our database contains the following information about
employees’ ages.
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age(Chris, 30) ∨ age(Chris, 31) ∨ age(Chris, 32)

age(Sam, 58) ∨ age(Sam, 61) ∨ age(Sam, 62)

age(Fred, 62) ∨ age(Fred, 63) ∨ age(Fred, 64)

age(John, 63) ∨ age(John, 64)

and we ask which of these employees are close to retirement age, specifically

? age(r, x) ∧ x ≥ 62 ∧ (r = Chris ∨ r = Sam ∨ r = Fred ∨ r = John).

Clearly there are 12 conjunctive answers but only 2 minimal disjunctive answers, namely

age(Fred, 62) ∨ age(Fred, 63) ∨ age(Fred, 64), and

age(John, 63) ∨ age(John, 64).

This is to be expected, since the ages of the different employees are clearly inde-
pendent of each other. We do however see (again) that the conjunctive answers provide
more information about the query, specifically that Sam might be close to the retire-
ment age (since Sam appears in one of the conjunctive answers).

Many naturally occurring queries ?Q satisfy the constraint that any given element
from Q excludes all others - formally T |= Q → ¬Q′ for all distinct Q,Q′ ∈ Q - in which
case it is clear that each conjunctive answer is (at most) a singleton set. This feature
is most commonly seen when functionally dependent attributes are involved, as in the
query ?age(Chris, x).

The following corollary shows that under such conditions (in fact under the slightly
weaker conditions seen in (a) or (b)), disjunctive and conjunctive answers effectively
coincide.

2.2.6 Corollary. Let ?Q is given, then the following are equivalent.
(a) For each conjunctive answer A there is some Q ∈ A such that T �|= Q →

∨
{Q′ |

Q′ ∈ Q− {Q}}.
(b) Each minimal conjunctive answer of ?Q is a singleton set.
(c) {Q ∈ Q | {Q} is a minimal conjunctive answer} is the unique minimal disjunctive

answer.
(d) There is a unique minimal disjunctive answer.
(e) {Q ∈ Q | {Q} is a minimal conjunctive answer} is a disjunctive answer.

Proof. (a) → (b) is trivial, (b) → (c) follows trivially from Theorem 2.1.4, and (c) →
(d) is trivial.
(d)→ (e). Let D′ be the unique minimal disjunctive answer, then we need to show that
D = {Q ∈ Q | {Q} is a minimal conjunctive answer} ⊇ D′. Suppose Q ∈ D′, then by
Corollary 2.1.5, we may find a minimal conjunctive answer A such that A∩D′ = {Q}.
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If Q′ ∈ A, then by Corollary 2.1.6, Q′ ∈ D′, whence Q′ = Q. Thus A = {Q} and
Q ∈ D.
(e) → (a). Suppose that A is a conjunctive answer. If D = {Q ∈ Q | {Q} is a minimal
conjunctive answer} is a disjunctive answer, then by Theorem 2.1.4, D ∩A �= ∅. But if
Q ∈ D∩A, then {Q} is a conjunctive answer, whence T �|= Q →

∨
{Q′ | Q′ ∈ Q−{Q}}.

2.3 Conjunctive answers and view insertions.

Somewhat surprisingly, the problem of computing conjunctive answers can be re-
duced to that of performing view insertions. Specifically we show that if ?Q is a query
of T , then we may find a database T ∗ such that the conjunctive answers to ?Q in T are
generated by solving a particular view insertion problem in T ∗.

2.3.1 View insertions. Suppose that Q ⊆ L, then ([Fa83, Gr93, Jo97]) the problem of
“inserting”

∨
Q into T is to find a strengthening of T of the form T ′ = T∪{

∨
Si | i ≤ n}

such that
(i) for each i ≤ n, Si ⊆ EXT(L) and EXT(T ′)− {

∨
Si} �|=

∨
Si,

(ii) T ′ |=
∨
Q, and

(iii) if T ∪ {
∨

Ej | j ≤ m} |=
∨
Q (where each Ej ⊆ EXT(L)), then

T ∪ {
∨

Ej | j ≤ m} |= T ′.

The second constraint in (i) can obviously be forgone if we are willing to accept
some redundancy in T ′. Condition (iii) says that T ′ is the minimal strengthening of T
(of the required form) that satisfies

∨
Q. Quite clearly T ′ is unique if it exists.

Aside: It should be noted that the above “definition” of inserting a view tuple may
not necessarily be the most natural approach, especially in the case of non-positive
databases. We return to this issue at the end of Section 3.4.

2.3.2 Definition. Let Q ⊆ L be given.
(a) For each P ∈ Q, let P ∗ and P ′ be new predicates not appearing in L. In addition,

let E and IF be distinguished predicates not appearing in L∪{P ′ | P ∈ Q}∪{P ∗ |
P ∈ Q}, and let L∗ = L ∪ {P ′ | P ∈ Q} ∪ {P ∗ | P ∈ Q} ∪ {E, IF}.

(b) For each A ⊆ Q, let

A∗ = {P ′ | P ∈ Q−A} ∪ {P ∗ | P ∈ A}.

(c) We stratify L∗ via the function 	+ defined as

	+(R) =



0, if R ∈ {E} ∪ {P ∗ | P ∈ Q} ∪ {P ′ | P ∈ Q};
	(R) + 1, if R ∈ L;
n+ 2, if R = IF.

11



(where n = |L|).
(d) Let T be given, then define

T ∗ = {E} ∪ {E → C | C ∈ EXT(T )} ∪ INT(T )∪
{P ′ ∧ ¬P → IF | P ∈ Q} ∪ {P ∗ ∧ P → IF | P ∈ Q}.

Our view update problem is to insert IF into T ∗. The following three results show
that T ∗ ∪ {

∨
A∗ | A is a conjunctive answer of ?Q in T} is the (unique) database that

allows the insertion of IF into T ∗ according to the conditions of Section 2.3.1.

It is clear that if A and B are distinct subsets of Q, then A∗ �⊆ B∗, whence we have
the following result.

2.3.3 Proposition. If B is a conjunctive answer of ?Q, then
∨
B∗ is not redundant in

T ∗ ∪ {
∨
A∗ | A is a conjunctive answer of ?Q in T}.

2.3.4 Theorem. T ∗ ∪ {
∨
A∗ | A is a conjunctive answer of ?Q in T} |=IF.

Proof. Suppose that M is a perfect model of T ∗ ∪{
∨
A∗ | A is a conjunctive answer}.

M ∩ L is a perfect model of T , and let B = M ∩ Q be the corresponding conjunctive
answer. Since M |=

∨
B∗, we have that M ∩ ({P ′ | P ∈ Q − B} ∪ {P ∗ | P ∈ B}) �= ∅.

If P ′ ∈ M (where P ∈ Q − B), then M |= P ′ ∧ ¬P . If P ∗ ∈ M (where P ∈ B), then
M |= P ∧ P ∗. In both cases, M |= IF.

The following result shows that the addition of {
∨
A∗ | A is a conjunctive answer

of ?Q in T} to T ∗ does not strengthen T ∗ any more than is necessary.

2.3.5 Theorem. Suppose that T+ = T ∗ ∪ {
∨

Ej | j ≤ m} |= IF, where each Ej ⊆
EXT(L∗). Let A be a conjunctive answer of ?Q in T , then T+ |=

∨
A∗.

Proof. Suppose not, then for j ≤ m, Ej �⊆ A∗. Let M0 be a minimal model of
EXT(T+) such thatM0∩A∗ = ∅. LetM ′ ⊆ L be the perfect model of T corresponding
to A, then clearly M0 ∪M ′ is a perfect model of T+

≤n+1.
If P ∈ Q −M ′, then P �∈ A, whence P ′ ∈ A∗ and P ′ �∈ M0. If P ∈ Q ∩M ′, then

P ∈ A, whence P ∗ ∈ A∗ and P ∗ �∈ M0.
Thus for each P ∈ Q, M0 ∪ M ′ �|= (P ′ ∧ ¬P ) ∨ (P ∗ ∧ P ), whence M0 ∪ M ′ is a

perfect model of T+
≤n+2 = T+, contradicting the fact that T+ |= IF.

The preceding reduction is so direct that we might anticipate that a method of
performing view insertions could be amended to compute conjunctive answers. In fact
in Section 4, we show that a query processing method (from [Jo95]) can be adapted to
the problem of performing view insertions.

The converse reduction, ie., reducing the problem of view insertions to that of
computing conjunctive answers is trivial for positive databases. The dual T ∗ of T is

12



formed by discarding EXT(T ) and replacing each rule

A1 ∧A2 ∧ . . . ∧An → B1 ∨ . . . ∨Br

in INT(T ) by the rule

B1 ∧B2 ∧ . . . ∧Br → A1 ∨A2 ∨ . . . ∨An.

It is easy to show (cf., Definition 3.4.1) that the problem of inserting
∨
Q into T is

solved by adding to T the conjunctive answers of ?EXT(L) in T ∗ ∪ {Q | Q ∈ Q}.
For non-positive databases, a similar reduction can be obtained using the methods

of Section 4.5, although the reduction is somewhat indirect.

§3. CYCLIC COVERS.

Cyclic trees were introduced in [Jo96] as a means of testing minimal and perfect
model membership, and cyclic covers were introduced in [Jo95] as a means of processing
queries under the perfect model semantics.

In this section we show that cyclic covers can be used to characterise perfect mod-
els (Section 3.2), conjunctive answers (Section 3.3), and view insertions (Section 3.4).
We also use our results to illustrate a method (Example 3.4.12) for performing view
insertions (and hence for computing conjunctive answers). Sections 3.1 and 3.2 review
the definitions of cyclic trees and cyclic covers.

It should be emphasised that the results below are presented in their full generality
(at least as far as the ground level is concerned). In order for our results to yield efficient
methods, it may be necessary to impose certain constraints on the database, and this
issue is discussed in Section 5.

3.1 Cyclic trees.

Suppose that M ⊆ L≤α is a model of T≤α and M<α is a perfect model of T<α. By
Definition 1.1.3, M≤α is a perfect model of T≤α iff for each non-empty subset S ⊆ Mα

there is a C ∈ Tα such that M<α ∪ (Mα − S) �|= C (and following the terminology of
[Jo96] we say that C witnesses S). Notice that C, S and M must have the following
properties: antec(C) ⊆ M − S, M ∩ N (C) = M<α ∩ N (C) = ∅ (since N (C) ⊆ L<α)
and M∩(conseq(C) − S) = (Mα − S) ∩ conseq(C) = ∅ (since conseq(C) ⊆ Lα). Also,
M |= T≤α, hence we must have that Mα∩ conseq(C) ∩ S �= ∅.

Thus, in order to check the perfectness of M≤α it suffices to check that each non-
empty subset of Mα is witnessed. Needless to say, such checking can be made more
efficient if the number of subsets that need to be checked can be reduced.

Cyclic trees were introduced in [Jo96, Jo95] as a means of testing minimal and
perfect model membership. Their structure is intended to identify a witnessing rule for
certain subsets (the cycles within the tree) of an intended perfect model. The following
example (taken from [Jo95, Jo96]) illustrates and motivates this structure.
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3.1.1 Example. Suppose that T consists of the following rules:

1. Q2 ∧Q3 ∧ ¬R1 → Q1 ∨Q5 2. Q1 ∧ ¬R2 → Q2 3. S2 ∧ ¬R3 → Q3

4. S3 → Q1 ∨Q2 ∨Q6 5. S2 ∨R5 6. S1 → Q3 ∨Q2

7. S3 ∨R7 8. R1 → Q2

with 	(Qi) = 1, 	(Si) = 	(Rj) = 0, and we wished to determine whether Q1 lies in some
perfect model of T .

Suppose that Q1 lies in the perfect model M of T . {Q1} can only be witnessed
by either rule 1 or rule 4. Suppose we guess that rule 1 witnesses {Q1} in M , then M
must satisfy the constraint {Q2, Q3, Q1} ⊆ M ⊆ L−{R1, Q5}. We represent this using
the tree T1 depicted in Figure 3.1.1(i). RN1 indicates that rule 1 has been “applied”.
Only Q2, Q3, ie., the antecedants, are depicted since the constraint dictates that these
predicates are in M .

Q1 Q1

RN1 RN1

Q2 Q3 Q2 Q3

T1 RN2 RN3

Q1 S2

T2

Figure 3.1.1(i).

We now look for a witnessing rule for {Q2}. Given that M satisfies the above
constraint, then {Q2} can only be witnessed in M by rule 2. Similarly, {Q3} can
only be witnessed by rule 3, yielding the new constraint {S2, Q2, Q3, Q1} ⊆ M ⊆
L− {R3, R2, R1, Q5}, and the new tree T2 (Figure 3.1.1(i)).

The left hand branch forms a “cycle”. There is no point working with Q1 or Q2

alone (since we have already done so), thus we look for a rule that witnesses {Q1, Q2},
the only candidate being rule 4 (whence S3 ∈ M and Q6 �∈ M), and the only pos-
sible witness for {S3} is rule 7 (whence R7 �∈ M). Along the right hand branch,
the only possible witness for {S2} is rule 5 (whence R5 �∈ M). The final tree is de-
picted as T3 (Figure 3.1.1(ii)), and the final constraint is {S3, S2, Q2, Q3, Q1} ⊆ M ⊆
L− {R5, R7, Q6, R3, R2, R1, Q5}.

Note however that (using the rules in the tree) any model of T that is disjoint from
{R5, R7, Q6, R3, R2, R1, Q5} must contain {S3, S2, Q2, Q3, Q1}.
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Q1

RN1

Q2 Q3 Q1

RN2 RN3 RN4

Q1 S2 S3

RN4 RN5 RN7

S3 T4

RN7

T3

Figure 3.1.1(ii).

The only stage in the above argument in which there was an alternative witnessing
rule was the first stage. If instead we had guessed that rule 4 was the witnessing
rule for {Q1} in M , we would have obtained the tree T4 (Figure 3.1.1(ii)), and the
constraint {S3, Q1} ⊆ M ⊆ L − {R7, Q2, Q6}. Again, any model of T that is disjoint
from {R7, Q2, Q6} must contain {S3, Q1}.

Thus we see that Q1 lies in some perfect model of T iff either T �|=
∨
{R7, Q2, Q6}

or T �|=
∨
{R5, R7, Q6, R3, R2, R1, Q5}.

The following definition captures the basic structure of the trees depicted above.
The motivation is that if T is such a tree and M is a perfect model containing the
predicates in the tree, then for each predicate (node) N in T , the rule (node) below
N witnesses the “cycle above N” (denoted by CYC(N)). The reason for using the
cycle (rather than some other subset of the branch) is to ensure that the construction
required to prove Theorem 3.1.5 (below) terminates, and also to ensure that Theorem
3.1.6 (below) holds.

3.1.2 Definition [Jo95, Jo96]. Suppose that T is a tree containing two types of nodes,
rule nodes and predicate nodes, satisfying conditions (i) - (iv) below.
(i) Each rule node RN is labelled with a rule C ∈ T (and we write RNC). Each

predicate node N is labelled with a predicate R ∈ L (and we write lab(N) = R).
(ii) The root node root(T ) (at the top of the tree) is a predicate node.
(iii) If RNC is a rule node, then for each predicate R ∈ antec(C), RNC has a child node

labelled with R. RNC has no other child nodes.
(iv) If N is a predicate node (other than the root) with lab(N) = R, then its parent

node is a rule node RND (with R ∈ antec(D)). A predicate node can have at most
one child node. If the child exists, then it must be a rule node.
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Then we make the following definitions.
(a) If node1 is the parent of node2, then we write node1 > node2, the > relationship

being transitive. Thus root(T ) ≥ N for every node N ∈ T .
(b) If N is a predicate node, then the cycle of N is defined via

CYC(N) = {lab(M) | ∃N ′(N ′ ≥ M ≥ N, lab(N ′) = lab(N))}.

If RNC is the child of N , then let O(RNC) = conseq(C)− CYC(N).
(c) Pred(T ) = {lab(N) | N is a predicate node in T },

O(T ) =
⋃
{O(RNC) | RNC occurs in T }, and

N (T ) =
⋃
{N (C) | RNC occurs in T }.

If we rephrase the conditions preceding Example 3.1.1, we see that Pred(T ) ⊆
M , M ∩ N (T ) = ∅, and M ∩ O(T ) = ∅. Also if RNC has parent node N , then
antec(C) ∩ CYC(N) = ∅, and conseq(C) ∩ CYC(N) �= ∅.

Hence we have the following definition.

3.1.3 Definition. Let T be a tree as given in Definition 3.1.2, with lab(root(T )) = P .
Then T is said to be a cyclic tree for P (in T ) iff
(i) Pred(T ) ∩ (O(T ) ∪N (T )) = ∅, and
(ii) for each rule node RNC in T , if RNC has parent node N then

- conseq(C) ∩ CYC(N) �= ∅, and
- antec(C) ∩ CYC(N) = ∅.

3.1.4 Definition. A cyclic tree T is unfactored iff T contains no predicate leaf node.

Thus in Example 3.1.1, both T3 and T4 are unfactored with Pred(T3) = {Q1,
Q2, Q3, S3, S2}, O(T3) = {Q5, Q6, R7, R5}, and N (T3) = {R1, R2, R3}. Pred(T4) =
{Q1, S3}, O(T4) = {Q2, Q6, R7} and N (T4) = ∅.

3.1.5 Theorem [Jo96]. If M is a perfect model of T , then for each P ∈ M there is an
unfactored cyclic tree T for P in T such that Pred(T ) ⊆ M ⊆ L− (O(T ) ∪N (T )).

3.1.6 Theorem [Jo96]. Let T be a cyclic tree in T , and suppose that M ⊆ L≤α is
a model of T≤α such that {lab(N) | N is a predicate leaf node in T } ∩ L≤α ⊆ M ⊆
L≤α − (O(T ) ∪N (T )). Then Pred(T ) ∩ L≤α ⊆ M .

The following (trivial) technical lemma will also be needed.

3.1.7 Lemma [Jo96, Proposition 5.6.1]. Let T be a cyclic tree, and N a predicate node
in T with 	(lab(N)) = 0. Then either
(i) N is a leaf node, or
(ii) the child node RNC of N is a leaf node with C ∈ EXT(T ), lab(N) ∈ C, and

O(RNC) = C − {lab(N)}.
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3.2 Cyclic covers.

Covers were introduced in [Jo97] as a tool for investigating query processing and
view updates in positive databases. The following definition extends the concept to
non-positive databases.

3.2.1 Definition [Jo95]. Let Q ⊆ L. A cover of Q in T is a non-complementary set of
literals C such that Q ⊆ C and for each C ∈ INT(T )

conseq(C) ⊆ C =⇒ (antec(C) ∪N (C)) ∩ C �= ∅.
Notice that EXT(T ) plays no part in the definition of a cover.

3.2.2 Definition [Jo95]. Let C be a non-complementary set of literals, then C is said
to be cyclic (in T ) iff there is a set of unfactored cyclic trees {Ti | 0 ≤ i ≤ m} in T such
that
(i) {P ∈ L | ¬P ∈ C} =

⋃m
i=0 Pred(Ti), and

(ii) {P ∈ L | P ∈ C} ⊇
⋃m

i=0(O(Ti) ∪N (Ti)).

In line with Definition 3.2.1, if P is a set of literals, and C is a cyclic cover with P ⊆
C, then we say that C is a cyclic cover of P. We first show that cyclic covers characterise
perfect models (Proposition 3.2.3(b)) and query processing under the perfect model
semantics (Corollary 3.2.5).

3.2.3 Proposition (a). If C is cyclic in T , and M ⊆ L≤α is a model of T≤α with
M ∩ {P ∈ L≤α | P ∈ C}, then {P ∈ L≤α | ¬P ∈ C} ⊆ M .
(b). IfM ⊆ L, thenM is a perfect model of T iff C = {¬P | P ∈ M}∪{P ∈ L | P �∈ M}
is a cyclic cover in T and EXT(T ) �|=

∨
EXT(C).

Proof (a). This follows trivially from Theorem 3.1.6.
(b). Suppose that C = {¬P | P ∈ M} ∪ {P ∈ L | P �∈ M} is a cyclic cover with
EXT(T ) �|=

∨
EXT(C).

Clearly M |= EXT(T ), since EXT(T ) �|=
∨
EXT(C). If C ∈ INT(T ) with M ∩

conseq(C) = ∅, then conseq(C) ⊆ C, whence (antec(C)∪N (C))∩C �= ∅. If antec(C)∩C �=
∅, then antec(C) �⊆ M . If N (C) ∩ C �= ∅, then M ∩N (C) �= ∅. In either case M |= C.

Suppose that M is not perfect, then we may find an α ≤ n and a model of T
of the form M+ = M<α ∪ M ′ ∪ M∗, where M ′ ⊂ Mα and M∗ ⊆ L>α. But now
M+ ∩ {P ∈ L≤α | P ∈ C} ⊆ M ∩ {P ∈ L≤α | P ∈ C} = ∅, whence by part (a),
{P ∈ L≤α | ¬P ∈ C} ⊆ M+

≤α. However, {P ∈ L≤α | ¬P ∈ C} = M ∩ L≤α =
M<α ∪Mα ⊃ M<α ∪M ′ =M+

≤α, a contradiction.
The implication from left to right is trivial (using Theorem 3.1.6).

3.2.4 Theorem [Jo95, Theorem 9.1.2]. Let Q be a non-complementary set of literals,
then T �|=

∨
Q iff there is a set {Ti | 0 ≤ i ≤ m} of unfactored cyclic trees in T and a

cover C in T such that
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(a) {P ∈ L | ¬P ∈ Q ∪ C} ⊆
⋃m

i=0 Pred(Ti) ⊆ L− C,
(b) {P ∈ L | P ∈ Q} ∪

⋃m
i=0(O(Ti) ∪N (Ti)) ⊆ C, and

(c) EXT(T ) �|=
∨
EXT(C).

3.2.5 Corollary. Let Q be a set of literals, then the following are equivalent.
(a) T |=

∨
Q

(b) for each cyclic cover C of Q in T , EXT(T ) |=
∨
EXT(C).

Proof. Firstly note that the result is trivial if Q is complementary (since Q then has
no covers).
(a) → (b). Let C be a cyclic cover of Q with associated unfactored cyclic trees {Ti |
0 ≤ i ≤ m}, then C and {Ti | 0 ≤ i ≤ m} satisfy conditions (a) and (b) of the preceding
theorem, whence EXT(T ) |=

∨
EXT(C).

(b) → (a). Suppose that T �|=
∨
Q, and that {Ti | 0 ≤ i ≤ m} and C are as given in

the preceding theorem. But then D = {¬P | P ∈
⋃m

i=0 Pred(Ti)} ∪ {P ∈ L | P ∈ C} is
a cyclic cover of Q with EXT(T ) �|=

∨
EXT(D).

3.2.6 Corollary. If C is a cyclic cover in T , then

T |=
∨

C ⇐⇒ EXT(T ) |=
∨
EXT(C).

In fact the proof of [Jo95, Theorem 9.1.2] shows that a minimal model M0 of
EXT(T ) for which M0 |= ¬

∨
EXT(C) can be extended to a perfect model M0 ∪M>0

of T such that M0 ∪M>0 |= ¬
∨
C.

The following theorem is fundamental to our method of constructing cyclic covers,
illustrated in Example 3.4.12.

3.2.7 Theorem. Let C be a cover in T , then the following are equivalent.
(a) C is cyclic
(b) for each P ∈ L, if ¬P ∈ C then there is an unfactored cyclic tree T for P in T such

that {¬R | R ∈ Pred(T )} ∪ O(T ) ∪N (T ) ⊆ C.

Proof (→). Let {Ti | 0 ≤ i ≤ m} be a sequence of unfactored cyclic trees in T such
that

⋃m
i=0 Pred(Ti) = {R ∈ L | ¬R ∈ C} and

⋃m
i=0(O(Ti) ∪N (Ti)) ⊆ C.

Let T ′ = {C ∈ T | ∃i ≤ m (C labels some rule node in Ti)}, then clearly C is a
cyclic cover in T ′.

If E ∈EXT(T ′), then there is some R ∈ E such that R ∈
⋃m

i=0 Pred(Ti), whence
¬R ∈ C, and R �∈ C. In particular, EXT(T ′) �|=

∨
EXT(C), thus by Corollary 3.2.6, we

may find a perfect modelM of T ′ such that {R ∈ L | ¬R ∈ C} ⊆ M ⊆ {R ∈ L | R �∈ C}.
Now ¬P ∈ C, thus by Theorem 3.1.5, we may find an unfactored cyclic tree T for

P in T ′ such that Pred(T ) ⊆ M ⊆ L− (O(T ) ∪N (T )). Clearly T is cyclic in T .
We first show that {¬R | R ∈ Pred(T )} ⊆ C. Let N be a predicate node in T .

If N = root(T ), then ¬lab(N) = ¬P ∈ C. Suppose that N is not the root, and that
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RNC is the parent of N . Since RNC appears in some Ti0 we have immediately that
¬lab(N) ∈ {¬R | R ∈ antec(C)} ⊆ {¬R | R ∈ Pred(Ti0)} ⊆ C.

To see that O(T )∪N (T ) ⊆ C, let RND be a rule node in T . Again RND appears
in some Ti1 , whence N (D) ⊆ N (Ti1) ⊆ C.

Suppose thatN ′ is the parent node ofRND in Ti1 , then conseq(D) = O(Ti1 , RND)∪
(conseq(D) ∩ CYC(Ti1 , N

′)), where CYC(Ti1 , N
′) ⊆ Pred(Ti1) is CYC(N

′) computed
in Ti1 , etc. If R ∈ O(T , RND) ⊆ conseq(D) ∩ O(T ), then either R ∈ O(Ti1 , RND) ⊆
O(Ti1) ⊆ C, or R ∈ Pred(Ti1), in which case ¬R ∈ C and thus R ∈ M (contradicting
the fact that M ∩ O(T ) = ∅).
(←). This is trivial.

3.3 Cyclic covers and conjunctive answers.

Given that cyclic covers characterise perfect models, it is of no surprise that they
also characterise conjunctive answers.

3.3.1 Theorem. A set A ⊆ Q is a conjunctive answer of ?Q iff there is a cyclic cover
C of {¬P | P ∈ A} ∪ (Q−A) such that EXT(T ) �|=

∨
EXT(C).

Proof (→). Let A be a conjunctive answer, and M a perfect model of T such that
M ∩ Q = A. By Proposition 3.2.3(b), C = {¬P | P ∈ M} ∪ {P ∈ L | P �∈ M} is the
required cyclic cover.
(←). Let C be a cyclic cover satisfying the given conditions, then by Corollary 3.2.6 we
may find a perfect model M of T such that {P ∈ L | ¬P ∈ C} ⊆ M ⊆ {P ∈ L | P �∈ C}.
Trivially A =M ∩Q.

Taking Q = {P} gives the following corollary.

3.3.2 Corollary. If P ∈ L, then P belongs to some perfect model of T iff there is a
cyclic cover C such that ¬P ∈ C and EXT(T ) �|=

∨
EXT(C).

3.4 Cyclic covers and view insertions.

Suppose that we wish to insert
∨
Q into T . Corollary 3.2.5 provides us with the

information about what needs to be inserted into EXT(T ) in order to ensure that
∨
Q

is inferred.

3.4.1 Definition (a). Let cl(T,Q) be the minimal superset of T such that
(i) INT(cl(T,Q)) = INT(T ), and
(ii) whenever C is a cyclic cover of Q in cl(T,Q), then

∨
EXT(C) ∈ cl(T,Q).

(b). A database T ′ is a closure of T with respect to Q iff T ⊆ T ′ ⊆ cl(T,Q) and
whenever C is a cyclic cover of Q in T ′, then EXT(T ′) |=

∨
EXT(C).
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It is easy to see that cl(T,Q) is unique and itself a closure of T . It follows im-
mediately from Corollary 3.2.5 that if T ⊆ T ′ ⊆ cl(T,Q), then T ′ is a closure of T
with respect to Q iff T ′ |=

∨
Q. Thus in order to strengthen T to a database T ′ such

that T ′ |=
∨
Q (ie., condition (ii) of Section 2.3.1), it suffices to ensure that T ′ is a

closure of T with respect to Q. We will also show (Theorem 3.4.3 below) that the
constraint T ′ ⊆ cl(T,Q) ensures that T ′ is the weakest such strengthening (condition
(iii) of Section 2.3.1).

3.4.2 Lemma. Suppose that INT(T+) = INT(T ∗) and T+ |= T ∗. If C is a cyclic cover
in T ∗, then either EXT(T+) |=

∨
EXT(C), or C is a cyclic cover in T+.

Proof. Suppose that EXT(T+) �|=
∨
EXT(C). Clearly C is a cover in T+. To show that

C is cyclic in T+ we employ Theorem 3.2.7. Suppose that ¬P ∈ C, then by Theorem
3.2.7 we may find a cyclic tree T (in T ∗) with {¬R | R ∈ Pred(T )}∪O(T )∪N (T ) ⊆ C.

Let RNE be a leaf node in T (with E ∈ EXT(T ∗)) and parent N , then O(RNE) =
E − {lab(N)} ⊆ C (by Lemma 3.1.7). Since T+ |= T ∗ we may find a rule h(E) ∈
EXT(T+) such that h(E) ⊆ E, and since EXT(T+) �|=

∨
EXT(C), we must have that

lab(N) ∈ h(E). Let T ′ be formed from T by replacing each leaf node RNE by RNh(E),
then T ′ is cyclic in T+ with Pred(T ′) = Pred(T ), N (T ′) = N (T ), and O(T ′) ⊆ O(T ).
In particular, {¬R | R ∈ Pred(T ′)} ∪ O(T ′) ∪N (T ′) ⊆ C.

3.4.3 Theorem. If T+ = T ∪ {
∨

Ej | j ≤ m} |=
∨
Q with each Ej ⊆ EXT(L), then

EXT(T+) |= EXT(cl(T,Q)).

Proof. Let T ∗ = T ∪ {C ∈ EXT(cl(T,Q)) | EXT(T+) |= C}. If C is a cyclic cover of
Q in T ∗, then by the preceding lemma and Corollary 3.2.5, EXT(T+) |=

∨
EXT(C),

whence
∨
EXT(C) ∈ T ∗. By the minimality of cl(T,Q), we have that T ∗ = cl(T,Q).

It thus follows trivially that any two closures of T with respect to Q are equivalent,
and that T has a unique minimal closure with respect to Q. In addition, if T ′ is a
closure of T , then T ′ contains no redundant new facts (condition (i) of Section 2.3.1)
iff T ′ is the minimal closure.

In order to close T in the manner suggested by Definition 3.4.1, we need to compute
cyclic covers in T = T 0 to form T 1; then compute cyclic covers in T 1 to form T 2, etc.
At each stage, the intension is unchanged, and moreover the processing of this intension
is identical - thus the processing of the intension is redundant in all but the first stage.
With this in mind, the following definitions and results enable us to process the intension
just once, and then use the output from this processing to close the extension. We first
introduce weakly cyclic sets, whose definition (3.4.4 and 3.4.5 below) is completely
independent of the extension, and which will thus also prove useful when we present
our results on pre-processing the intensional database in Section 4.

If T is a cyclic tree in INT(T ), then T can have no rule leaf nodes and (by Lemma
3.1.7) if N is a predicate node with 	(lab(N)) = 0, then N is a leaf. We will be interested
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in trees in which all leaf nodes are of this form.

3.4.4 Definition. For α ≤ n+ 1 (where n = |L|), let U<α(T ) denote the set of cyclic
trees T in T such that

for each predicate node N ∈ T (N is a leaf node ⇐⇒ 	(lab(N)) < α ).

Notice that if T ∈ U<α(T ), then T is actually a cyclic tree in T≥α. In particular if
α > 0, then T is a cyclic tree in INT(T ) and T can have no rule leaf nodes.

3.4.5 Definition. A non-complementary set of literals P is said to be weakly cyclic in
T iff there is a set {Ti | 0 ≤ i ≤ m} ⊆ U<1(T ) such that
(i) {P ∈ L | ¬P ∈ P} =

⋃m
i=0 Pred(Ti), and

(ii) {P ∈ L | P ∈ P} ⊇
⋃m

i=0(O(Ti) ∪N (Ti)).

With regard to computing cyclic covers, we obviously do not wish to compute
weakly cyclic covers if they cannot be extended to a fully cyclic cover. Without a
detailed manipulation of the extension, we cannot precisely predict which weakly cyclic
covers will be extendable in this manner.

We note however that (by Lemma 3.1.7) if P ∈ EXT(L) labels a node in an
unfactored cyclic tree, then the child node of N must be of the form RNC , where
C ∈ EXT(T ) and P ∈ C. In the terminology below, P ∈

⋃
EXT(T ).

3.4.6 Definition (a).
⋃
EXT(T ) consists of those predicates that appear in some

disjunct in EXT(T ), ie.,
⋃
EXT(T ) = {P ∈ EXT(L) | ∃C ∈ EXT(T ), P ∈ C}.

(b). A non-complementary set of literals P is said to be partially cyclic in T iff P is
weakly cyclic in T and {P ∈ EXT(L) | ¬P ∈ P} ⊆

⋃
EXT(T ).

Quite clearly, P is partially cyclic in T iff there is a set {Ti | 0 ≤ i ≤ m} of cyclic
trees satisfying the conditions of Definition 3.4.5 such that

{lab(N) | N is a leaf node in some Ti} ⊆
⋃
EXT(T ).

Alternatively, P is partially cyclic in T iff P is weakly cyclic in {C ∈ INT(T ) | antec(C)∩
EXT(L) ⊆

⋃
EXT(T )}.

In order to extend a partially cyclic set P to a cyclic set C, we need to extend
each of the trees Ti to an unfactored tree T ∗

i . To do this, each of the leaf nodes N in
Ti is extended via some rule node RNf(N). The function f must have the following
properties.
(i) lab(N) ∈ f(N) with O(T ∗

i , RNf(N)) = f(N)− {lab(N)} (by Lemma 3.1.7).
(ii) {lab(N ′) | ∃j ≤ m (N ′ is a leaf node in Tj)} = {P ∈ EXT(L) | ¬P ∈ P} is disjoint

from f(N)− {N}
(since {P ∈ EXT(L) | ¬P ∈ P} ⊆ {P ∈ L | ¬P ∈ C} and f(N)−{N} = O(T ∗

i , RNf(N))
⊆ O(T ∗

i ) ⊆ C which need to be disjoint for C to be non-complementary).
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We thus have the following definition.

3.4.7 Definition. Let P be partially cyclic in T and let f be a function f : {P ∈
EXT(L) | ¬P ∈ P} → EXT(T ) such that for each P ∈ domain(f)
(i) P ∈ f(P ), and
(ii) (f(P )− {P}) ∩ domain(f) = ∅.

The set P ∪
⋃
{f(P )−{P} | P ∈ domain(f)} is said to be a completion of P in T .

Clearly if C is cyclic, then C is partially cyclic, and C is a completion of itself.
Conversely, if P is partially cyclic, then any completion of P is cyclic. Note also that if
C is a completion of P, then C − P ⊆ EXT(L), and hence if P is a cover, then so is C.

3.4.8 Theorem. Let Q be a set of literals, then T |=
∨
Q iff whenever P is a partially

cyclic cover of Q in T , then EXT(T ) |=
∨
{K ∈ P | 	(K) = 0}.

Proof. Firstly recall that T |= Φ iff Φ is true in every perfect model of T . Thus
EXT(T ) |=

∨
{K ∈ P | 	(K) = 0} iff

∨
{K ∈ P | 	(K) = 0} is true in every minimal

model of EXT(T ).
(→). Let P be a partially cyclic cover of Q, and suppose that M0 is a minimal model
of EXT(T ) such that M0 �|=

∨
{K ∈ P | 	(K) = 0}. If P ∈ EXT(L) with ¬P ∈ P, then

P ∈ M0 and hence we may find an f(P ) ∈ EXT(T ) such that M0 ∩ (f(P )− {P}) = ∅.
Thus C = P ∪

⋃
{f(P ) − {P} | P ∈ EXT(L), ¬P ∈ P} is a completion of P such

that M0 �|=
∨
EXT(C), whence EXT(T ) �|=

∨
EXT(C). However, Q ⊆ P ⊆ C, thus

contradicting the fact that T |=
∨
Q (by Corollary 3.2.5).

(←). If T �|=
∨
Q, then we may find a cyclic cover C of Q and a perfect model M of T

such that M |= ¬
∨
C. But now, C is partially cyclic, and M ∩ EXT(L) is a minimal

model of T such that M ∩ EXT(L) �|=
∨
{K ∈ C | 	(K) = 0}.

3.4.9 Corollary. If P is a partially cyclic cover in T , then

T |=
∨

P ⇐⇒ EXT(T ) |=
∨

{K ∈ P | 	(K) = 0}.

We now return to the issue of computing closures of T . Note that if T ⊆ T ′ ⊆
cl(T,Q), then INT(T ) = INT(T ′) and

⋃
EXT(T ) =

⋃
EXT(T ′). In particular, T and

T ′ share the same partially cyclic covers. We thus have the following corollary.

3.4.10 Corollary. Let T ⊆ T ′ ⊆ cl(T,Q), then the following are equivalent.
(a) T ′ is a closure of T with respect to Q,
(b) whenever P is a partially cyclic cover of Q in T , and C is a completion of P in T ′,

then EXT(T ′) |=
∨
EXT(C).

In order to close T with respect to Q, we thus need to compute partially cyclic
covers in T , and then iteratively add their completions to the database. (Of course
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a given partially cyclic cover might not have any completions, in which case there is
nothing to add.)

When computing partially cyclic covers in T , we can ignore subsumed partially
cyclic covers, for if P ⊂ P ′ are both partially cyclic covers, then for any completion C′

of P ′ in T , there is a completion C of P in T ′ such that C ⊆ C′. Clearly we can also
ignore subsumed completions.

Note that the constraint T ′ ⊆ cl(T,Q) is automatically satisfied, for if T ′ ⊆
cl(T,Q), P is a partially cyclic cover in T and C is a completion of P in T ′, then∨
EXT(C) ∈ cl(T,Q). We can ensure that the closure produced is minimal by simply

eliminating redundant facts en-route.
The following result is instrumental in computing weakly (and hence partially)

cyclic covers.

3.4.11 Theorem. Suppose that P is a cover, then the following are equivalent.
(a) P is weakly cyclic,
(b) for each P ∈ INT(L), if ¬P ∈ P, then there is a cyclic tree T for P in U<1(T ) such

that {¬R | R ∈ Pred(T )} ∪ O(T ) ∪N (T ) ⊆ P.

Proof (a) → (b). Let X be a new predicate not appearing in L, and let T ∗ =
T ∪ {X ∨ Q | Q ∈ EXT(L)}. Then P is partially cyclic in T ∗ and P ∪ {X} is a
completion of P in T ∗. Thus by Theorem 3.2.7 there is an unfactored cyclic tree T ∗ for
P in T ∗ such that {¬R | R ∈ Pred(T ∗)} ∪ O(T ∗) ∪ N (T ∗) ⊆ P ∪ {X}. Removing all
leaf nodes from T ∗ yields the required tree.

The converse is trivial.

The following example informally illustrates a method for performing view inser-
tions using the preceding results.

3.4.12 Example. Suppose that T contains the following rules.

1. B1 ∧ E0 ∧ ¬B0 → A0 ∨A1 2. E1 ∧ ¬E3 → B0 ∨B3 3. E6 ∧ ¬E1 → B0

4. E4 ∧ E5 → B2 ∨B1 5. E4 ∨ E3 6. E0 ∨ E2

7. E1 ∨ E8 8. E6 ∨ E7 9. E3 ∨ E8

where 	(Ai) = 2, 	(Bi) = 1 and 	(Ei) = 0. Suppose that we wish to add
∨
Q to T ,

where Q = {A0, A1, B2, E2}. We first set about generating partially cyclic covers of Q
in T . In order to do this we will use a tree structure to represent the construction. At
any given stage, the tree will have the property that if P is a partially cyclic cover of
Q in T , then there is some branch through the tree that subsumes P.

Since the consequent of rule 1 is contained in P, any cover must contain either B1,
E0 or ¬B0. We illustrate this via the tree depicted in Figure 3.4.12(i). RN1 denotes
the “application” of rule 1.
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{A0, A1, B2, E2}

RN1

B1 E0 ¬B0

Figure 3.4.12(i).
The same reasoning may be applied to the left-hand branch using rule 4 : any cover

containing B1 and B2 must contain either E4 or E5. We thus see that both
(i) {A0, A1, B2, E2, B1, E4}, and
(ii) {A0, A1, B2, E2, B1, E5}
are minimal partially cyclic covers of P.

We now move on to the node E0. Clearly if P ⊇ {E0, E2} is a partially cyclic cover,
and C is a completion of P, then EXT(T ) |=

∨
EXT(C) by rule 6. Thus any such cover

is redundant, and we may therefore ignore partially cyclic covers extending {E0, E2}.
This then yields the tree depicted in Figure 3.4.12(ii).

{A0, A1, B2, E2}

RN1

B1 E0 ¬B0

RN4 RN6

E4 E5

Figure 3.4.12(ii).

Returning to ¬B0, if ¬B0 is contained in some partially cyclic cover P, then there
is a cyclic tree T for B0 in U<1(T ) satisfying the conditions of Theorem 3.4.11. The
possible cyclic trees for B0 are shown in Figure 3.4.12(iii).

B0 B0

RN2 RN3

E1 E6

T1 T2

Figure 3.4.12(iii).
Thus, Pred(T1) = {B0, E1}, O(T1) = {B3} and N (T1) = {E3}. For T2, we have

Pred(T2) = {B0, E6}, O(T2) = ∅ and N (T2) = {E1}. Appending the corresponding
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new nodes below ¬B0 yields the tree depicted in Figure 3.4.12(iv). The “rule node”
RN→¬B0 simply denotes the generation of cyclic trees to process the “sub-goal” ¬B0.

{A0, A1, B2, E2}

RN1

B1 E0 ¬B0

RN4 RN6 RN→¬B0

E4 E5 {¬B0,¬E1, B3, E3} {¬B0,¬E6, E1}

Figure 3.4.12(iv).

We thus have two other minimal partially cyclic covers, namely
(iii) {A0, A1, B2, E2,¬B0,¬E1, B3, E3}, and
(iv) {A0, A1, B2, E2,¬B0,¬E6, E1}.

Now we compute completions of the partially cyclic covers. Firstly (i) and (ii) are
their own completions, thus we need to add to EXT(T ) the facts E2 ∨E4 and E2 ∨E5.

From the completion of (iii) using rule 7 we obtain E2 ∨E3 ∨E8, although by rule
9 this completion is redundant. The completion of (iv) using rule 8 yields E2∨E1∨E7.
We can also take the completion of (iii) with E2 ∨ E1 ∨ E7 yielding E2 ∨ E3 ∨ E7, and
this then completes the required additions to EXT(T ). The updated database is

T ∪ {E2 ∨E4, E2 ∨ E5, E2 ∨ E1 ∨E7, E2 ∨ E3 ∨ E7}.

The trees depicted in Figures 3.4.12(i) - (iv) are slight variants of extended deduc-
tion trees. Such trees were introduced and studied extensively in [Jo95, Jo95a], where
methods for constructing them (at the propositional and first order levels) are presented.
The methods of [Jo95] are easily amended to enable the generation of the variant trees
required above.

In Section 2.3 we mentioned that the definition of view insertion given there-in may
not be the most natural, especially for non-positive databases. The following examples
illustrate the point.

3.4.13 Example. Suppose that T = {P ∨ V,R, S, S ∧¬P → Q,S ∧¬R → Q}, and we
wish to insert Q into T . The only partially cyclic cover for which EXT(T ) �|=

∨
{K ∈

P | 	(K) = 0} is P = {Q,¬P,¬R}, whence by Theorem 3.4.8, we need to amend T so
as to make ¬P ∨ ¬R true.

The only completion of P in T is {Q,¬P,¬R, V }, whence the definition of Section
2.3 would require us to add the unit clause V to T . Notice that this has the effect of
rendering P false in T , and in this sense the method has adopted a biased treatment of
the “sub-goal” ¬P ∨ ¬R.
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It would surely have been equally as valid to delete the fact R from the database.

Computing partially cyclic covers provides useful information about how to perform
a view update. However, the above example illustrates that such information can be
used in a number of ways other than that suggested by the definition of Section 2.3.
Probably the most sensible approach (discussed in [Jo97]) is to regard making

∨
{K ∈

P | 	(K) = 0} true in T (for each partially cyclic cover P) as a sub-goal, and then
perform some kind of disambiguation. For instance in the above example, P yields the
sub-goal ¬P ∨¬R. We might then for instance ([At91]) ask the user whether to replace
P ∨ V by V or to delete R.

Various other methods for disambiguation have been suggested (some of which
are applicable only to first order databases). [Ro89, Ka90, Jo97] employ null values,
[Bry90] uses knowledge about the domain of variables, [De90] uses ground terms that
appear elsewhere in the “derivation” and [Ka90, p656] suggests the possibility of using
a type of minimality criteria. [Ke86] discusses the idea of specifying an (unambiguous)
view update translator at view definition time, and [To88] suggests a similar idea. The
computing of partially cyclic covers, provides the input into such a method, and the
results of this paper are independent of the particular disambiguation policy employed.

3.4.14 Example. Suppose that T = {R,S, S ∧ ¬R → Q}, and we wish to insert Q.
Again the only relevant partially cyclic cover of P = {Q,¬R}, which tells us that we
need to make ¬R true - and in this case it is self-evident how to do this.

However, if we follow the definition of Section 2.3, the only possible way of inserting
Q into T is to add the empty clause!

As regards the problem of view deletions, if T |=
∨
Q, and we wish to amend

EXT(T ) so that
∨
Q is not inferred from the updated database, then we need to ensure

that
∨
EXT(C) is not inferred for some cyclic cover C of Q. Methods for achieving this

are discussed in [Jo97], although in general there in no single update which achieves
the desired effect. (Conditions are given in [Jo97] which characterise when there is an
unambiguous extensional update for a view deletion.) Hence for deletions, there is an
even greater case for employing disambiguation methods such as those discussed above.
Partially cyclic covers again give us the relevant information needed to feed into the
disambiguation method.

View insertion asks what modification must be made to the extension in order to
make

∨
Q true, and to some extent this can be regarded as a process of abduction

[Bry90, Ka90, Ri91]. Alternatively we could view abduction as a process of inferring
statements about the extension from statements about the intension.

3.4.15 Theorem. Let P ∈ INT(L) and Φ be a propositional formula in EXT(L). Then
T |= P → Φ iff whenever C is a cyclic cover of {¬P}, then EXT(T ) |= Φ ∨

∨
EXT(C).

Proof (→). Suppose that C is a cyclic cover of {¬P}, and M0 is a minimal model
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of EXT(T ) such that M0 |= ¬Φ ∧ ¬
∨
EXT(C). But then (cf., the remarks following

Corollary 3.2.6), we may extend M0 to a perfect model M0 ∪ M>0 of T such that
M0 ∪ M>0 |= ¬

∨
C. In particular, P ∈ M>0, and clearly M0 ∪ M>0 |= ¬Φ, thus

contradicting the fact that T |= P → Φ.
(←). Suppose that M is a perfect model of T such that P ∈ M . By Proposition 4.2.4,
C = {¬R | R ∈ M} ∪ {P ∈ L | P �∈ M} is a cyclic cover of {¬P}, and M ∩EXT(L) is a
minimal model of EXT(T ) disjoint from EXT(C), whence by hypothesis,M∩EXT(L) |=
Φ. Thus clearly, M |= Φ.

§4. PRE-PROCESSING THE INTENSIONAL DATABASE.

The general structure of a deductive database is expected to be a large and transient
extension, and a much smaller, relatively static intension. This suggests the idea of pre-
processing the intension so that query processing is subsequently more efficient. In
this section we show that cyclic trees and covers provide means of performing query
compilation, identifying redundant intensional rules, eliminating recursion and removing
positive and/or negative intensional sub-goals.

4.1 Compiling queries.

Suppose that we wish to compute the conjunctive answers of the query ?Q. The
results of the preceding section enable us to compile the query. Specifically we can
pre-process INT(T ) so that the processing of the subsequent query ?Q then requires a
manipulation of EXT(T ) only. Since this pre-processing must not use EXT(T ) we need
to employ weakly (as opposed to partially) cyclic covers.

4.1.1 Theorem. A is a conjunctive answer to ?Q iff there is a weakly cyclic cover P
of {¬P | P ∈ A} ∪ (Q−A) in INT(T ) such that
(i) {P ∈ EXT(L) | ¬P ∈ P} ⊆

⋃
EXT(T ), and

(ii) EXT(T ) �|=
∨
{K ∈ P | 	(K) = 0}.

Proof (→). Let C be a cyclic cover satisfying the conditions of Theorem 3.3.1, then
P = C satisfies conditions (i) and (ii) above.
(←). By Corollary 3.4.9, T �|=

∨
P. If M is a perfect model of T such that M |= ¬

∨
P,

then M ∩Q = A.

4.1.2 Compilation.
The compilation process thus consists of computing weakly cyclic covers P in

INT(T ) such that Q ⊆ P ∪ {P ∈ L | ¬P ∈ P}. Notice that such a compilation
process does not require access to EXT(T ).

4.1.3 Query processing. By Theorem 4.1.1, A is a conjunctive answer to the query
?Q iff there is a weakly cyclic cover P (such that Q ⊆ P ∪ {P ∈ L | ¬P ∈ P}) with
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(i) A = {P ∈ Q | ¬P ∈ P},
(ii) {P ∈ L | ¬P ∈ P} ⊆

⋃
EXT(T ) and

(iii) EXT(T ) �|=
∨
{K ∈ P | 	(K) = 0}.

Having computing the weakly cyclic covers in the compilation phase, this then requires
access to EXT(T ) only.

Recall that T |=
∨
Q iff every conjunctive answer to the query ?Q is non-empty.

We can thus also compile a yes/no query of the form ?T |=
∨
Q by the above process

with A = ∅.

4.1.4 Example. Suppose that INT(T ) consists of the following rules.

1. B1 ∧ E0 ∧ ¬B0 → A0 ∨A1 2. E1 ∧ ¬E3 → B0 ∨B3 3. E6 ∧ ¬E1 → B0

4. E4 ∧ E5 → B2 ∨B1

where 	(Ai) = 2, 	(Bi) = 1 and 	(Ei) = 0. Suppose that we wish to compile the yes/no
query ?T |=

∨
Q, where Q = {A0, A1, B2, E2}. By the above remarks, T �|=

∨
Q iff

A = ∅ is a conjunctive answer to ?Q iff there is a weakly cyclic cover P of Q satisfying
the conditions of Theorem 4.1.1.

As in Example 3.4.12, the minimal weakly cyclic covers of Q in INT(T ) are
(i) {A0, A1, B2, E2, B1, E4},
(ii) {A0, A1, B2, E2, B1, E5},
(iii) {A0, A1, B2, E2,¬B0,¬E1, B3, E3}, and
(iv) {A0, A1, B2, E2,¬B0,¬E6, E1}.

Thus T |=
∨
Q iff

(i) EXT(T ) |= E2 ∨E4, and
(ii) EXT(T ) |= E2 ∨E5, and
(iii) E1 �∈

⋃
EXT(T ) or EXT(T ) |= E2 ∨ ¬E1 ∨E3, and

(iv) E6 �∈
⋃
EXT(T ) or EXT(T ) |= E2 ∨ ¬E6 ∨E1.

4.2 Eliminating redundant rules.

4.2.1 Definition. Let C ∈ INT(T ), then we say that C is redundant in INT(T ) iff for
every database T1, EXT(T1) ∪ INT(T ) and EXT(T1) ∪ INT(T )− {C} are equivalent.

4.2.2 Theorem. C is redundant in INT(T ) iff there is no weakly cyclic cover P of
A = {¬A | A ∈ antec(C)} ∪ N (C) ∪ conseq(C) in INT(T ) - {C}.

Proof. Firstly note that by Theorem 1.1.6, EXT(T1)∪INT(T ) and EXT(T1)∪INT(T )−
{C} are equivalent iff EXT(T1) ∪ INT(T )− {C} |=

∨
A.

(→). Suppose that P is a weakly cyclic cover of A in INT(T ) − {C}, and let T1 be
the extensional database consisting of unit clauses of the form T1 = {P ∈ EXT(L) |
¬P ∈ P}. But then P is a partially cyclic cover of A in T1 ∪ INT(T ) − {C} with
T1 �|=

∨
{K ∈ P | 	(K) = 0}. Hence by Theorem 3.4.8, T1 ∪ INT(T )− {C} �|=

∨
A.
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(←). Suppose that EXT(T1) ∪ INT(T )− {C} �|=
∨
A, then by Theorem 3.4.8, we may

find a partially cyclic cover P of A in EXT(T1)∪ INT(T )−{C}. But then P is weakly
cyclic in INT(T )− {C}.

4.3 Eliminating recursion.

Partial evaluation is an optimisation technique introduced into logic programming
by Komorowski [Ko81]. In the context of deductive databases, it involves the transfor-
mation of a database T into an equivalent database T ′ (ie., T and T ′ have the same
perfect models) such that T ′ has some desirable property. Because we expect the ex-
tensional database to be transient, we also wish to ensure that our transformation is
immune to future changes in the extension. Clearly compilation can be regarded as a
query specific form of partial evaluation.

In this section we show how the results of Section 3 can be used to eliminate
recursion. Recall that T is stratified via the level function 	.

4.3.1 Definition. Let C be a rule, then C is recursion-free (with respect to 	) iff
	(A) < 	(C) for each A ∈ antec(C).

We aim to transform T into an equivalent database T ′ such that each rule in T ′ is
recursion free. Suppose that C ∈ INT(T ) and A ∈ antec(C) with 	(A) = 	(C) = α.

4.3.2 Definition. Let T be a cyclic tree for A, then define CT to be the rule
∧
(antec(C)− {A}) ∧

∧
N (C) ∧

∧
{lab(N) | N is a predicate leaf node in T }∧

∧
{¬Q | Q ∈ N (T )} ∧

∧
{¬Q | Q ∈ O(T ) ∩ L<α} →

∨
conseq(C) ∨

∨
(O(T ) ∩ Lα).

Note that for any such cyclic tree, N (T ) ⊆ L<α and O(T ) ⊆ L≤α, hence CT is a
well-defined rule. Note also that if T ∈ U<α, then {lab(N) | N is a predicate leaf node
in T } ⊆ L<α, and hence the “degree” of recursion in CT is less than in C, and each
leaf node in T is a predicate node.

4.3.3 Theorem. If T is a cyclic tree for A in T , then T |= CT .

Proof. If T �|= CT , then we may find a perfect model M of T such that antec(CT ) ⊆
M ⊆ L − (N (CT ) ∪ conseq(CT )). In particular, {lab(N) | N is a predicate leaf node
in T } ⊆ M and M is disjoint from O(T ) ∪ N (T ), whence by Theorem 3.1.6, A ∈ M .
In addition, antec(C) − {A} ⊆ M ⊆ L − (N (C) ∪ conseq(C)), which then contradicts
the fact that M |= C.

Let T++ be the (unique) minimal superset of T such that whenever T is a cyclic
tree for A in U<α(T++ −{C}), then CT ∈ T++. It follows immediately from Theorems
1.1.6 and 4.3.3 that T and T++ are equivalent.
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Let T ⊆ T+ ⊆ T++ be such that whenever T is a cyclic tree forA in U<α(T+−{C}),
then there is a rule in T+ which subsumes CT .

4.3.4 Theorem. T+ and T+ − {C} are equivalent.

Proof. Let M be a perfect model of T+ − {C}, and suppose that antec(C) ⊆ M and
M ∩ (N (C) ∪ conseq(C)) = ∅. By Theorem 3.1.5 we may find a cyclic tree T for A
in U<α(T+ − {C}) such that Pred(T ) ⊆ M and M ∩ (O(T ) ∪ N (T )) = ∅, whence
M �|= CT , and T+ − {C} �|= CT .

However, by the closure of T+, there is some rule D ∈ T+ which subsumes CT .
Clearly C does not subsume CT (since A ∈ antec(C)−antec(CT )), thus D ∈ T+−{C},
whence T+ − {C} |= CT , a contradiction.

Thus by iterating the above procedure over all appropriate rules C and all appropri-
ate antecedants of C, we may transform T into an equivalent non-recursive database.
Notice that EXT(T ) plays no part in this transformation, which is thus immune to
future changes in the extension.

4.3.5 Example. Let T contain the following rules.

1. A1 ∧ ¬E3 → B1 ∨B3 2. B3 ∧A1 ∧ ¬E0 → B1 ∨B2

3. B1 ∧A2 → B3 4. E1 ∧ E2 → A1 5. E1 → A2 ∨A3

6. E0 ∨E1 7. E2 ∨ E3

with 	(Ei) = 0, 	(Ai) = 1 and 	(Bi) = 2.
Let us first start out by eliminating C = rule 3. The only cyclic tree for B1 in

U<2(T − {C}) is T1 (Figure 4.3.5) with CT1 = A1 ∧A2 ∧ ¬E3 → B3.

B1

RN2

B1 B3 A1 B3

RN1 RNCT1
RN1

A1 A1 A2 A1

T1 T2 T3

Figure 4.3.5.

We can also form a further cyclic tree, T2 for B1 in U<2((T − {C}) ∪ {CT1}), but
CT2 = A1 ∧A2 ∧ ¬E3 ∧ ¬E0 → B3 ∨B2 is subsumed by CT1 . Thus, T ∪ {CT1} satisfies
the appropriate closure property, and we may therefore replace C by CT1 .
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We now move on to considerD = rule 2. In this case the cyclic tree T3 (Figure 4.3.5)
yields the formula DT3 = A1∧¬E0∧¬E3 → B1∨B2. We could also employ the formula
CT1 instead of rule 1 in T3, but the formula so generated (namely A1∧A2∧¬E3∧¬E0 →
B1 ∨ B2) is subsumed by DT3 . Thus the addition of DT3 to (T − {C}) ∪ {CT1} allows
us to remove D.

It is easy to check that the perfect models of both T and (T −{C,D})∪{CT1 , DT3}
are

{E0, E2}, {E0, E3}, {E1, E2, A1, A2, B3, B1},
{E1, E2, A1, A2, B3, B2}, {E1, E2, A1, A3, B1},
{E1, E2, A1, A3, B3, B2}, {E1, E3, A2}, and {E1, E3, A3}.

Notice that in this example, T did not increase in size during the transformation.
In general we would expect an increase in size, as processing non-recursive databases is
computationally simpler [Jo96] than processing recursive ones.

4.3.6 Example. Let T contain the following rules.

1. A1 ∧ ¬E3 → B1 ∨B4 2. B4 ∧A1 ∧ ¬E0 → B1 ∨B2

3. B1 ∧A2 → B3 4. E1 ∧ E2 → A1 5. E1 → A2 ∨A3

6. E0 ∨E1 7. E2 ∨ E3

with 	(Ei) = 0, 	(Ai) = 1 and 	(Bi) = 2.
Suppose that we set out to eliminate C = rule 3, then the only cyclic tree for B1

in U<2(T − {C}) is T1 (Figure 4.3.6) with CT1 = A1 ∧A2 ∧ ¬E3 → B3 ∨B4.
The addition of CT1 to T yields the further cyclic tree T2 (Figure 4.3.5), where

CT2 = A1 ∧A2 ∧ ¬E0 ∧ ¬E3 → B2 ∨B3, and we may then replace C by CT1 and CT2 .

B1

RN2

B1 B4 A1

RN1 RNCT1

A1 A1 A2

T1 T2

Figure 4.3.6.

4.4 Eliminating positive intensional sub-goals.
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In this section we employ the results of Section 3 to illustrate the removal of positive
sub-goals. Firstly it is worth pointing out the trivial fact that extensional positive sub-
goals cannot be removed via a transformation which is immune to future changes in
the extensional database. We thus concentrate on the removal of intensional positive
sub-goals.

By the results of Section 4.3 we may assume that T is recursion free. Let C be a
rule in T with 	(C) = α such that antec(C) contains the intensional predicate A. Let
T+ be formed from T by adding the rule CT :

∧
(antec(C)− {A}) ∧

∧
N (C) ∧

∧
{lab(N) | N is a leaf node in T }∧

∧
{¬Q | Q ∈ O(T ) ∪N (T )} →

∨
conseq(C)

for each cyclic tree T for A in U<1(T ). Notice that since T is assumed recursion free,
we have that A ∈ L<α and hence if D labels some rule node in T , then 	(D) < α. In
particular, Pred(T ) ∪ O(T ) ∪N (T ) ⊆ L<α.

As in Theorem 4.3.3, T |= CT , whence by Theorem 1.1.6, T and T+ are equivalent.

4.4.1 Proposition. T+ and T+ − {C} are equivalent.

Proof. By Theorem 1.1.6, it suffices to show that T+ − {C} |= C. Let M be a perfect
model of T+ −{C} such that antec(C) ⊆ M ⊆ L−N (C). Let T be a cyclic tree for A
in U<1(T+ − {C}) such that Pred(T ) ⊆ M ⊆ L− (O(T ) ∪N (T )).

Notice that 	(D) = α for each rule in D ∈ T+ − T , and hence since 	(A) < α, no
rule node in T is labelled with a rule in T+ − T . Thus T ∈ U<1(T ) and in particular
CT ∈ T+ − {C}.

But then M |= CT , whence M |=
∨
conseq(C).

4.4.2 Example. Let T be the following database (which resulted from the transfor-
mation in Example 4.3.5).

1. A1 ∧ ¬E3 → B1 ∨B3 2. A1 ∧ ¬E0 ∧ ¬E3 → B1 ∨B2

3. A1 ∧A2 ∧ ¬E3 → B3 4. E1 ∧ E2 → A1 5. E1 → A2 ∨A3

6. E0 ∨E1 7. E2 ∨ E3

with 	(Ei) = 0, 	(Ai) = 1 and 	(Bi) = 2.
The only cyclic tree T for A1 in U<1(T ) has Pred(T ) = {E1, E2}, and O(T ) =

N (T ) = ∅. We may thus replace each occurrence of A1 in an antecedant by E1 ∧ E2.
Similarly we may replace each occurence of A2 by E1 ∧ ¬A3. The transformed

database now has the form

1. E1 ∧ E2 ∧ ¬E3 → B1 ∨B3 2. E1 ∧ E2 ∧ ¬E0 ∧ ¬E3 → B1 ∨B2

3. E1 ∧ E2 ∧ ¬A3 ∧ ¬E3 → B3 4. E1 ∧ E2 → A1

5. E1 → A2 ∨A3 6. E0 ∨ E1 7. E2 ∨ E3
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4.5 Eliminating negative intensional sub-goals.

In this section we employ the results of Section 3 to illustrate the removal of negative
sub-goals. As in the preceding section, we can only eliminate intensional sub-goals if
our transformation is to be immune to future changes in the extension.

Notice that if T ∗ contains no negative intensional sub-goals, then a modelM of T ∗

is perfect iff M is minimal, and M0 is a minimal model of T ∗
0 .

We approach this problem in two ways - firstly via a transformation directly in L,
and secondly by extending the language. The latter option does not cause the database
to increase in size to the same degree as the former.

4.5.1 Definition. For each P ∈ INT(L), let T1, T2, . . . , Tk (k ≥ 0) list all cyclic trees for
P in U<1(T ), then a replacement for P (in T ) is a conjunct of the form R1∧R2∧ . . .∧Rk

such that each Ri ∈ {¬R | R ∈ Pred(Ti) ∩ EXT(L)} ∪ O(Ti) ∪N (Ti).

Note that if k = 0, then P has a single replacement - the empty conjunct - which
is trivially true. The following lemma follows trivially from Theorems 3.1.5 and 3.1.6.

4.5.2 Lemma. Suppose that M is a perfect model of T , then for each P ∈ INT(L),
P ∈ M iff for each replacement R1 ∧ R2 ∧ . . . ∧ Rk for P in T we have that M �|=
R1 ∧R2 ∧ . . . ∧Rk.

4.5.3 Definition. Let C ∈ INT(T ), then a replacement for C is formed from C by
replacing each intensional negative subgoal ¬P in the body of C by a replacement for
P .

Let T ∗ be the database formed from T by replacing each rule C ∈ INT(T ) by the
set of its replacements. Notice that T ∗ contains no intensional negative sub-goals.

4.5.4 Theorem. T and T ∗ are equivalent.

Proof. In order to show that T and T ∗ are equivalent, we show that both T and T ∗

are equivalent to T ∪ T ∗. By Theorem 1.1.6 it suffices to show that (i) T |= T ∗ and (ii)
for each α, T ∗

≤α |= T≤α.
(i). Let M be a perfect model of T and suppose that C∗ ∈ T ∗ − T with M �|= C∗. Let
C∗ be a replacement of the rule C ∈ INT(T ). But then antec(C) ⊆ antec(C∗) ⊆ M
and N (C) ∩ EXT(L) ⊆ N (C∗) is disjoint from M as is conseq(C) = conseq(C∗).

Suppose that P ∈ N (C) ∩ INT(L). Since C∗ is a replacement of C, there is a
replacement of P contained within the body of C∗, and moreover, this replacement is
true in M , whence by Lemma 4.5.2, P �∈ M . Hence M ∩ N (C) ∩ INT(L) = ∅, and
M �|= C, a contradiction.
(ii). We proceed by induction on α. Clearly T ∗

≤0 |= T≤0 (since T≤0 = T ∗
≤0), thus

suppose that T ∗
<α |= T<α. By (i) above, T<α |= T ∗

<α and hence by Theorem 1.1.6, T ∗
<α

and T<α are both equivalent (to T ∗
<α ∪ T<α).
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Suppose that C ∈ Tα, and that M is a perfect model of T ∗
≤α such that M �|= C.

Firstly note that M<α is a perfect model of T ∗
<α, and hence of T<α.

Let P ∈ N (C), then 	(P ) < 	(C) = α, and in particular, if K appears in some
replacement for P then 	(K) < α. Since P �∈ M we may (by Lemma 4.5.2) find a
replacement RP for P in T<α such that RP is true in M<α (and hence true in M).

Thus we may find a replacement C∗ for C such that M �|= C∗.

We now turn to our second option - a transformation in an extended language.
For each P ∈ INT(L), introduce a new predicate P ∗, with 	(P ∗) = 	(P ), and define

L∗ = {P ∗ | P ∈ INT(L)}. For each rule C ∈ T

A1 ∧A2 ∧ . . . ∧Ah ∧ ¬Ah+1 ∧ ¬Ah+2 ∧ . . . ∧ ¬Ah+r → B1 ∨B2 ∨ . . . ∨Bk

let C∗ be the rule obtained by replacing each ¬Ah+i, where Ah+i is intensional, by
A∗

h+i.
Let P ∈ INT(L) with 	(P ) = α. For each cyclic tree T for P in U<1(T ), introduce

a new predicate QT with 	(QT ) = α.
Let T1, T2, . . . , Tk (k ≥ 0) list all cyclic trees for P in U<1(T ), then CP denotes the

rule
QT1 ∧QT2 ∧ . . . ∧QTk

→ P ∗.

Let T ∗ = {C∗ | C ∈ T} ∪ T ′ where

T ′ = {CP | P ∈ INT(L)}∪
{K → QT | T ∈ U<1(T ), lab(root(T )) ∈ INT(L),

K ∈ {¬R | R ∈ Pred(T ) ∩ EXT(L)} ∪ O(T ) ∪N (T )}.

We aim to show that T and T ∗ are equivalent in the sense that (Theorem 4.5.8)
for every perfect model M ⊆ L of T , there is a perfect model M∗ of T ∗ such that
M∗ ∩L =M , and conversely (Theorem 4.5.9) that if M∗ is a perfect model of T ∗, then
M∗ ∩ L is a perfect model of T .

4.5.6 Definition. If M ⊆ L, then let cl≤α(M) (cl<α(M)) denote the closure of M
under T ′

≤α (T
′
<α).

i.e., cl≤α(M) ∩ L =M , and if R �∈ L with 	(R) ≤ α, then R ∈ cl≤α(M) iff T ′
≤α ∪ {P ∈

L | P ∈ M} ∪ {¬Q | Q ∈ EXT(L)−M} |= R.

Note (1). If 	(QT ) ≤ α, then QT ∈ cl≤α(M) iff M |=
∨
{¬R | R ∈ Pred(T ) ∩

EXT(L)} ∨
∨
O(T ) ∨

∨
N (T ).

(2). If β ≤ α, then (cl≤α(M))≤β = cl≤β(M≤β).
(3). cl≤0(M) =M (since T ′

0 = ∅).

4.5.7 Lemma. If M ⊆ L≤α is a perfect model of T≤α, then cl≤α(M)∩L∗ = {P ∗ | P ∈
INT(L)≤α −M}.
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Proof (→). If P ∈ INT(L)≤α ∩ M , then by Theorem 3.1.5, there is a cyclic tree
T ∈ U<1(T ) for P such that M �|=

∨
{¬R | R ∈ Pred(T )} ∪ O(T ) ∪ N (T ), whence

P ∗ �∈ cl≤α(M).
(←). If P ∈ INT(L)≤α −M , then for each unfactored cyclic tree T ∈ U<1(T ) for P we
must have (by Theorem 3.1.6) that M |=

∨
{¬R | R ∈ Pred(T )} ∨

∨
O(T ) ∨

∨
N (T ),

whence P ∗ ∈ cl≤α(M).

4.5.8 Theorem. If M ⊆ L≤α is a perfect model of T≤α, then cl≤α(M) is a perfect
model of T ∗

≤α.

Proof. The result is trivially true for α = 0, thus we proceed by induction. Suppose
that the result holds for all β < α, thus in particular, (cl≤α(M))<α = cl<α(M<α) is a
perfect model of T ∗

<α.
Firstly it is easy to check that cl≤α(M) |= T ∗

≤α by virtue of Lemma 4.5.7. If
cl≤α(M) is not perfect, then (by the perfectness of (cl≤α(M))<α) we may find an
M ′ ⊂ cl≤α(M) such that M ′ |= T ∗

≤α, and M ′
<α = (cl≤α(M))<α.

Firstly note thatM ′∩L ⊂ M (for ifM ′∩L =M , then cl≤α(M) = cl≤α(M ′∩L) ⊆
M ′ ⊂ cl≤α(M)), and M ′ ∩ L<α =M ∩ L<α.

Pick P ∈ Mα −M ′, then there is a cyclic tree T ∈ U<1(T ) for P in T≤α such that
M �|=

∨
{¬R | R ∈ Pred(T )} ∨

∨
O(T ) ∨

∨
N (T ).

We transform T into a cyclic tree in T ∗
≤α as follows. If RNC appears in T , then

replace RNC by RNC∗ . If A∗ is a child node of RNC∗ , then A ∈ N (T ) ⊆ L<α −M .
The child node of A∗ is labelled with CA. If QTi labels some child node of CA, then
(by Theorem 3.1.6) there is some K ∈ {¬R | R ∈ Pred(T ) ∩ EXT(L)} ∪ O(T ) ∪N (T )
such that M<β |= K (whence M ′ |= K), and we thus label the child node of QTi with
K → QTi .

Thus O(T ∗) ∪ N (T ∗) = O(T ) ∪ N (T ) ⊆ L − M ⊆ L − M ′, and {lab(N) |
N is a leaf node in T ∗} ⊆ M ′. By Theorem 3.1.6, P ∈ M ′, a contradiction.

4.5.9 Theorem. If M∗ is a perfect model of T ∗
≤α, then

(i) for each P ∈ (INT(L))≤α, |M∗ ∩ {P, P ∗}| = 1, and
(ii) M∗ ∩ L is a perfect model of T≤α.

Proof. Again the result is trivial for α = 0, thus we proceed by induction. Suppose
that the result holds for all β < α.

If C ∈ Tα with antec(C) ⊆ M∗ ∩ L and N (C) ∩ M∗ ∩ L = ∅, then by inductive
hypothesis, P ∗ ∈ M∗ for each P ∈ N (C)∩ INT(L). But then since M∗ |= T ∗

≤α we must
have that M∗∩ conseq(C) �= ∅. Thus M∗ ∩ L |= Tα.

IfM∗∩L is not perfect, then (by inductive hypothesis) we may find anM ′ ⊂ M∗∩L
such that M ′

<α = M∗ ∩ L<α and M ′ is a perfect model of T≤α. But then cl≤α(M ′)
is a perfect model of T ∗

≤α with cl≤α(M ′) ⊂ cl≤α(M∗ ∩ L) ⊆ M∗, contradicting the
minimality of M∗.

Thus M∗ = cl≤α(M∗∩L). By Lemma 4.5.7, for each P ∈ L, P ∗ ∈ M∗ iff P �∈ M∗.
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4.5.10 Example. Let T contain the following rules.

1. A2 ∧ ¬E5 → B1 ∨B4 2. B4 ∧ ¬A1 → B1 ∨B2

3. B1 ∧A2 → B3 4. A2 ∧E1 ∧ E2 → A1 5. E1 ∧ ¬E5 → A2 ∨A3

6. E0 ∨E1 7. E2 ∨ E3

The only cyclic tree in U<1(T ) for A1 is T1 (Figure 4.5.10) with O(T1) = {A3} and
N (T1) = {E5}.

A1

RN4

A2 E1 E2

RN5

E1

T1

Figure 4.5.10.

We may thus replace rule 2 by the four rules B4 ∧ ¬E2 → B1 ∨ B2, B4 ∧ ¬E1 →
B1 ∨B2, B4 ∧A3 → B1 ∨B2, and B4 ∧ E5 → B1 ∨B2.

Let T ∗ be the transformed database. It is clear that if T is a cyclic tree for B4

in U<1(T ∗), then Pred(T ) = {B4, E1, A2}, O(T ) = {B1, A3} and N (T ) = {E5}. In
particular, if P is a weakly cyclic cover in T ∗ containing ¬B4, then {¬E1, A3, E5} ⊆ P.
Thus, by Theorem 4.2.2, each of the last three of these rules is redundant.

We finally remark again that the transformation proposed in this section is immune
to future changes in EXT(T ). In order to eliminate all negative sub-goals, we could
employ a similar procedure to that detailed above, using unfactored cyclic tree rather
than trees in U<1(T ). Such a transformation could not be immune to future changes in
EXT(T ).

§5. CONCLUSIONS AND FUTURE RESEARCH.

We have introduced the notion of a conjunctive answer to a deductive database
query, and shown that such answers provide more information about a query than do
their disjunctive counterparts. We have also argued that such answers do not suffer from
some of the pitfalls encountered with disjunctive answers. Somewhat surprisingly the
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problem of computing conjunctive answers is found to be a special case of performing
view insertions.

We have also discussed the rather technical relationship between cyclic covers and
conjunctive answers, view insertions and pre-processing of the intensional database.
Methods exists for the construction of the former [Jo95], and such methods can be
amended to the problems at hand.

As regards open problems and future research, the following issues are worthy of
note.

(1) When is it appropriate to compute conjunctive answers?
The examples of Section 2.2 lead to the intuition that conjunctive answers are

computationally preferable when strong interdependencies hold within the models of
the database. Higher level meta-knowledge might be employed to give guidance as to
which type of answer is preferable, and this was illustrated in Examples 2.2.4 and 2.2.5.

By the results of Section 2, conjunctive answers provide more information about a
query than do their disjunctive counterparts. To what extent is it desirable or feasible
to extend this process in order to extract more complex data relationships from the
database?

(2) What is the best way to compute conjunctive answers?
Example 3.4.12 does suggest a method of computing view insertions and hence

conjunctive answers, although for the latter the method suggested is slightly indirect.
For conjunctive answers (to the query ?Q) we need (Theorem 3.3.1) to compute cyclic
covers C such that Q ⊆ {R ∈ L | ¬R ∈ C} ∪ C. Generating cyclic covers for elements
of Q can be achieved (at the propositional and first order levels) using the results of
[Jo95]. The main problem however is guiding the search. Whilst constructing such a C,
how do we decide which elements of Q should go in {R ∈ L | ¬R ∈ C} and which in C
(other than trying both options)? Indeed if we apply the method suggested in Example
3.4.12 to compute conjunctive answers using the reduction given in Section 2.3, then
both options are considered.

(3) The first order level.
Of course “real” deductive databases are not variable free. This then raises the

question as to how we extend the results of the preceding sections to include databases
containing variables.

Firstly it should be noted that as in [Jo96, Theorem 6.4.7] we can easily show that if
T is a cyclic tree in U<1(T ) with {lab(N) | N is a predicate leaf node in T } ⊆

⋃
EXT(T )

(cf. Definition 3.4.6), then T is ground (even for first order databases) as a result of
the fact that EXT(T ) is ground.

The methods of [Jo95] (for computing extended deduction trees) and [Jo97] (for
computing covers) easily yield methods of computing cyclic covers at the first order
level provided that the database satisfies constraints such as those given in 4(a) below
or the more general constraints given in [Jo97, Section 4].
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(4) Restrictions on T .
It may well be worthwhile examining restrictions on T which make the computation

more efficient. Various such restrictions are considered in [Jo95, Jo96, Jo97], some of
which are (for each C ∈ T ):
(a) antec(C) ∪N (C) and conseq(C) share the same set of variables.
(b) If C is intensional, then |conseq(C)| = 1.
(c) If R(t) ∈ N (C), then R is either extensional or definite.

§6. RELATED WORK.

Perfect models were introduced by Przymusinski [Pr88, Pr89] and obviously extend
minimal models [Gr86, He88] to the stratified case, where they are generally regarded
as providing one of the most natural model-theoretic declarative semantics, assuming
minimalist reasoning.

Whilst we believe that the vast majority of naturally occurring deductive databases
are indeed stratified, there is currently much research interest in unstratified databases
(and logic programs) to which the semantics defined by weakly perfect models [Pr95],
stable models [Ge88,Pr90,Pr94], stationary (otherwise known as partial or 3-valued
stable) models [Pr94], and well-founded models [Pr90, Pr94, VanG91] apply. Each of
these coincides with the perfect model semantics in the stratified case [Pr94, Pr95,
VanG91]. These concepts were extended to the disjunctive setting via the disjunctive
stable semantics [Pr91], stationary semantics [Pr90a, Pr91a], and the static semantics
[Pr96, Bra96b].

Constructing perfect models and computing answers under such semantics is com-
putationally hard [Jo96]. Bottom-up methods for computing perfect models of ground
databases are presented in [Ya94, Fe95a, Fe95b] using the notion of a model-tree; top
down methods for first order databases appear in [Jo95, Jo96]. In particular, the notion
of a cyclic tree is introduced in [Jo96] as a means of computing perfect model member-
ship, the notion of a cover was introduced in [Jo97] as a means of attacking the view
update problem for positive databases, and the notion of a cyclic cover was introduced
in [Jo95] as a means of query processing under the perfect model semantics. Methods
for constructing cyclic trees and cyclic covers are presented in [Jo95, Jo96].

The view update problem is a well established topic of research in the context of
databases [Ab85, Ab88, Ab93, Ba81, Da82, Go88, Ke91, Sc91], deductive databases
[At91, At92, Bry90, De90, Fa83, Gr93, Kr92, Ma88, Ro89, To88], and more general
logical databases [Wi90].

Our study of the view update problem was inspired by [Gr93], where the notion of
a restricted SLD - tree is used to attack the view update problem at the propositional
level in the case when the intensional database contains only stratified definite rules.
Restricted SLD - trees deliver the required update in disjunctive (rather than conjunc-
tive) normal form, and thus a further transformation is necessary before insertion into
the extension. Another disadvantageous feature of restricted SLD - trees is that they
may contain infinite branches at the first order level.
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The methods of [Gr93] are extended in [Fe96] to yields methods for performing
view updates in ground stratified databases with definite rules, integrity constraints and
denial rules under the perfect model semantics. The methods presented there-in have
bottom up features, requiring the computation of all minimal models of the extension.
[Fe96] also comment that their methods are extendable to first order databases satisfying
the condition give in Section 5, part 4(a). The current paper makes no requirement
that we compute perfect models (or indeed minimal models of the extension) in their
entirety. We employ purely top-down methods, and make no requirement that database
rules should be definite, although we do not discuss integrity constraints or denial rules.
The results presented in [Jo97] for view insertions are subsumed by the results of the
present paper for ground databases. [Jo97] does however presents methods the first
order databases (and in particular for databases more general than those prescribed in
the condition given in Section 5, part 4(a)), which we do not attempt in any depth here.

Partial evaluation was introduced into logic programming in [Ko81], and has been
extensively studied in that setting (eg., [Ll87]). In particular we mention the work of
Brass and Dix [Bra94, Bra95, Bra95a] who consider bottom-up partial evaluation using
an unfolding operation, the “Generalised Principle of Partial Evaluation” (GPPE) to
transform the database into a “residual program” containing only ground conditional
facts of the form

∧
i ¬Ci →

∨
j Aj (in which positive sub-goals are completely absent).

The residual program is shown to be equivalent to the original program under a variety
of semantics including the perfect (for stratified databases), disjunctive stable and well-
founded semantics [Bra96, Bra96a].

The GPPE differs from our own methods in that it is not immune to extensional
database updates - which thus necessitate an expensive re-transformation - although it
could easily be amended to take into account this requirement. When applied to the
examples given in 4.3.5, 4.3.6 and 4.4.2, the GPPE yields the same result as that given
by our methods. We have been unable to show however that this is always the case, or
to deduce any inherent relationship between the GPPE and our own methods.

Query compilation is discussed in the deductive setting in for example [He84, He88,
Jo96], although these results do not cover non-positive indefinite databases.
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