
Abstract. Spatial patterns of theta-rhythm activity in
oscillatory models of the hippocampus are studied here
using canonical models for both Hodgkin's class-1 and
class-2 excitable neuronal systems. Dynamics of these
models are studied in both the frequency domain, to
determine phase-locking patterns, and in the time
domain, to determine the amplitude responses resulting
from phase-locking patterns. Computer simulations
presented here demonstrate that phase deviations (tim-
ings) between inputs from the medial septum and the
entorhinal cortex can create spatial patterns of theta-
rhythm phase-locking. In this way, we show that the
timing of inputs (not only their frequencies alone) can
encode speci®c patterns of theta-rhythm activity. This
study suggests new experiments to determine temporal
and spatial synchronization.

1 Introduction

The hippocampus has been implicated in several prom-
inent aspects of information processing, such as the
formation of a space map for navigation (O'Keefe and
Nadel 1978; Wilson and McNaughton 1993), short- and
long-term memory (Zola-Morgan et al. 1986; Eihen-
baum 1997), complex stimulus conditioning (Sutherland
and Rudy 1989), focusing attention (Kryukov et al.
1990), and detecting new and signi®cant stimuli and
registering them in memory (Vinogradova 1995).

Detailed analysis of experimental data of cortico-
hippocampal interplay is available (McNaughton et al.
1989; Miller 1991; Palm 1993; Bibbig et al. 1994; Dutar
et al. 1995), and recent experimental results suggest that
spatio-temporal coherence of activity in the hippocam-
pus (such as theta and gamma rhythms and sharp waves)
could provide basic mechanisms for the wide spectrum
of functional capabilities observed in hippocampus
(Buzsaki 1994; Gray 1994; Vinogradova 1995;
McNaughton et al. 1996; Tsukada et al. 1996).

There has been increasing interest in recent years in
modeling the dynamics of hippocampal and cortical
activity in order to gain insight into their functions
(Traub and Miles 1991; Berger et al. 1994; Burgess et al.
1994; Treves and Rolls 1994; Blum and Abbot 1995;
Hasselmo et al. 1995; Tsodyks and Sejnowski 1995;
Traub et al. 1997; Ventriglia 1998).

In order to investigate the functional role of coherent
activity in the brain, oscillatory neural network (ONN)
models of various neural structures have been developed
(Borisyuk et al. 1992; Hoppensteadt 1997). In ONNs,
single neurons or populations of neurons have oscilla-
tory activities that might be highly irregular, and process
information using both frequency and the timing of
signals. Analysis of these models is carried out here in
both the time and frequency domains.

In this paper, we study the dynamics of oscillatory
neural network models of the hippocampus by consid-
ering two elementary canonical models that describe
systems that are of Hodgkin's class-1 and class-2 excit-
ability (Hodgkin 1948; Hoppensteadt and Izhikevich
1997). These models take into account some important
features of the three-dimensional structure of the hip-
pocampus that are known from experiments. Each model
is designed as a chain of interactive oscillators with nat-
ural frequency in the gamma range (40 Hz). Two pri-
mary external periodic inputs are considered: one from
the entorhinal cortex and one from the medial septum.
Both inputs are engaged in slow theta-rhythm oscilla-
tions (5 Hz), but there are some phase di�erences be-
tween them. It is shown here that such phase deviations
can control spatial and temporal patterns of hippocam-
pal activity. We demonstrate this interesting phenome-
non using both frequency and time domain methods.

Our approach to modelling the hippocampus is de-
scribed in Sect. 2. In Sect. 3, the frequency domain
model is analyzed using mathematical analysis and
computer simulations, and we determine explicitly the
dependence of ®ring frequency patterns on the phase
deviations between the two inputs. This suggests that
spatial patterns of phase locking can encode phase de-
viations between the inputs. In Sect. 4, we investigate the
amplitude dynamics of time domain models using
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computer simulations. Our results using these two ap-
proaches to modeling are consistent. These and other
conclusions are discussed in Sect. 5.

2 Oscillatory model of the hippocampus:
global description

Physiological and anatomical experiments revealed the
complex three-dimensional structure of the hippocampus
(Isaacson 1982; Amaral and Witter 1989). One can
visualize the hippocampus as being a three-dimensional
structure having a long septotemporal axis and two
transverse axes that are orthogonal to the long axis. Each
two-dimensional slice perpendicular to the longitudinal
axis contains three main regions called the dentate gyrus
(DG), the CA1 ®eld, and the CA3 ®eld. These regions
include both excitatory pyramidal neurons and inhibito-
ry interneurons. The connections between hippocampal
neurons are as extensive and highly organized in the
septotemporal axis of the hippocampus as in the
transverse axes (Amaral and Witter 1989). The neural
populations located in each region can support endog-
enous oscillatory behavior without any external periodic
input. There is some experimental evidence that the
natural frequency of the endogenous oscillations are in
the range of gamma rhythms (40±70 Hz) (Traub and
Miles 1991; Buzsaki et al. 1994).

As a ®rst step in developing our model, we neglect the
®ne structure of a two-dimensional slice that is trans-
verse to the long axis. Instead, we model the interactive
excitatory and inhibitory neural populations in the thin
slice as being an oscillator, and we model the hippo-
campus as being a chain of such oscillators, S1;
S2; . . .SN. We suppose that a single oscillator working
independently demonstrates high frequency regular os-
cillations in the gamma range. Inputs to and coupling
between these oscillators are discussed later. The lump-
ing of complicated slices is a mathematical procedure
used for studying spatially distributed structures. There
is no morphological evidence of slice or segment struc-
tures in the hippocampus.

Two primary inputs to the hippocampus are consid-
ered here. These are currents injected along the septo-
temporal axis. Speci®cally:

1. IC denotes an input from a�erents of the entorhinal
cortex;

2. IS denotes an input from the medical septum.

Morphological and physiological data suggest that both
of these inputs distribute information among the
hippocampal oscillators and that they oscillate at
(nearly) identical frequencies. Both inputs are low
frequency (3±9 Hz) theta rhythms (Vinogradova 1995;
Iijima et al. 1996).

Experimental evidence by Amaral and Witter (1995)
shows that the septal end of the entorhinal cortex pro-
jections to the hippocampus are topographically organ-
ized. Cells located medially in the medial septum tend to
project to the septal part of the hippocampus and cells
located laterally tend to project to the hippocampal

temporal regions. The entorhinal cortex projections
demonstrate similar organization: cells located laterally
in the entorhinal cortex project to more septal regions of
the hippocampal ®elds, whereas cells located progres-
sively more medially project to more temporal parts of
the hippocampus. Our model development is based on
the hypothesis that the spatial distribution of inputs
causes appropriate time delays, which result in phase
lags. The activity of a hippocampal oscillator depends on
interactions between the theta-rhythm modulated corti-
cal input IC and the oscillatory signal IS from the medial
septum. The models studied here are shown to depend on
the deviation in timing between these two low frequency
inputs. We show here that the frequencies of the input
signals and their phase relations determine which seg-
ments of the hippocampus model exhibit synchronous
low frequency activity and which do not.

The in¯uence of these low frequency oscillatory in-
puts results in complex dynamics, including entrain-
ment, chaotic behavior, and envelop oscillations.

Two principal outputs from the hippocampus are as
follow:

1. The CA3 output is carried by axon collaterals of py-
ramidal cells of the CA3 ®eld. This output completes a
feedback loop from the hippocampus to the lateral
septum, which can reset the timing of the medial
septum. By means of this loop, the activity level of
pyramidal cells of the CA3 ®eld can control the theta-
rhythm generated in the medial septum.

2. The CA1 output is carried by axon collaterals of py-
ramidal cells of the CA1 ®eld. This output completes a
feedback loop (reverberating activity loop) to the
cortex through the subiculum.

These feedback circuits are not discussed further here.
As the external signals are distributed along the hip-

pocampus, phase deviations arise between them. These
speci®c time delays are taken into account by assuming
that for each oscillator, say Sn �n � 1; 2; . . . N�, the time
delay of the cortical input IC to the slice oscillator is
�nÿ 1�Dt and the time delay for the septal input IS is
�N ÿ n�Dt, where Dt is the propagation time between two
oscillators for IC and IS. Experiments (O'Keefe and
Nadel 1978; Buzsaki et al. 1994; Bragin et al. 1996) in-
dicate that theta-rhythm activity propagates along the
hippocampus during s ms (s is in the range 25±50 ms) so
the value of Dt is taken to be t=N ms, etc. The result is
that the net input to an oscillator involves a signal
having a theta-rhythm frequency and a phase deviation
that is related to its location along the hippocampus.

From a mathematical point of view, the model of the
hippocampus is considered as being a system of inter-
acting oscillators. A single oscillator working indepen-
dently shows fast regular oscillations with high
frequency in the gamma range (40 Hz), and each oscil-
lator has two slow oscillatory inputs with frequencies in
the theta range (5 Hz) but (usually) of di�erent phases.
Due to the time delays in the input signals, two traveling
waves arise and propagate along a�erents as inputs to
the hippocampus, but in contrary directions. The inter-
ference patterns created by these waves make possible
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the appearance of synchronization, coincidence and
non-linear resonance patterns. This means that the ac-
tivity level of some hippocampal oscillators increases
due to speci®c relations between frequencies of inputs
and phase deviations between them. In this sense, the
hippocampal model works like a spatial `comparator'
that compares two input signals at an oscillator and, in
turn, reacts or not (cf. ``phase precession'' e�ect by
O' Keefe and Recce 1993 and Skaggs 1995; Fig. 1).

General systems theory provides some guides for
modeling such networks of coupled oscillators (Borisyuk
et al. 1995; Hoppensteadt and Izhikevich 1997). This is
based on the bifurcation theory that concentrates on how
a system behaves near critical regimes. For example, a
system's behavior can change from rest to oscillation,
and this is described mathematically by a hierarchy of
mathematical models, called bifurcation equations, that
have increasing complexity. The complexity of each is
described by how many (dimensionless) parameters are
needed for it. This number is called the co-dimension of
the bifurcation. For example, there are two co-dimension
one bifurcations that give rise to oscillations. One ex-
hibits the onset of oscillation as being of ®xed amplitude
and with frequencies increasing from zero as the bifur-
cation parameter passes through the critical value. This is
a saddle-node on limit cycle (SNLC) bifurcation. The
second is a supercritical Andronov-Hopf bifurcation in
which an oscillation of ®xed frequency but increasing
amplitude appears (Hoppensteadt and Izhikevich 1997).
Another step in the hierarchy is the separatrix loop bi-
furcation, which has co-dimension two. It allows the
coexistence of stable equilibrium and stable oscillations,
and a hysteresis between them. The oscillators in this
hierarchical list quickly become quite complicated. Os-
cillatory solutions are de®ned by their geometrical fea-
tures, and they are described mathematically by
equations called canonical models.

The usual approach to modeling complex systems is
to begin with the simplest canonical model, derive re-
sults about it and compare the results with simulations
and experiments. We do this here by ®rst using mathe-
matical analysis to derive pattern criteria, then we in-
vestigate patterns using computer simulations. We use
the VCON model (Hoppensteadt 1997), also referred to
here as the phase oscillator model. In this case, we are
able to derive results about patterns of synchronization
through rigorous analysis in the frequency domain.
Second, we study a system of coupled neural oscillators
of the Wilson-Cowan type. While these are not actually
canonical models for Andronov-Hopf bifurcations, they
share many properties with them and are widely un-
derstood, especially regarding how they can be net-
worked. The amplitude responses of these systems are
investigated using computer simulations.

3 Phase model

In this section, we study the dynamics of large-scale
networks where each oscillator is described by only one
variable, its current phase of oscillation. Using this
approach, we are able to obtain theoretical estimates of
phase-locking regimes and to perform simulations that
exhibit such patterns.

Signals are described in terms of a variable phase, say
h, and a ®xed waveform, say V [for example,
V �h� � sin�h�]. Since signals are usually oscillatory, we
refer to h as being the oscillation's phase. This might
represent the phase of the membrane potential in the
hillock region of a single neuron or the phase of the
average oscillatory activity of a large neural assembly.
This variable is particularly useful for mathematical and
computational analysis of interactions and synchroni-
zation between several neural assemblies (Hoppensteadt
1997). While it might seem to be oversimpli®ed, this
model is a canonical model describing the onset of os-
cillations through an SNLC bifurcation. Analysis of
phase oscillators enables us to describe regions of pa-
rameter space associated with di�erent types of dynamic
behavior in the frequency domain, such as general or
partial synchronization (Kazanovich and Borisyuk 1994;
Borisyuk and Kazanovich 1995).

In many cases, the phase settles down to the form
h � xt � u where t is time measured in some convenient
units, x is frequency and u is the phase deviation sat-
isfying u=t! 0 as t !1. Signal processing methods
can be used to determine the frequency x and the phase
deviation u in the presence of noise and under con-
stantly changing conditions. Such methods are based on
analysis in the frequency domain.

Phase models result from canonical model analysis of
real networks that involve a system near an SNLC or a
separatrix-loop bifurcation (Hoppensteadt and Izhike-
vich 1997). They are canonical in the sense that any net-
work having an SNLC bifurcation can be reduced near it
to this model, and all of the other variables are subsidiary
and can be ignored. In this sense, canonical models are
independent of the general system being considered, and

Fig. 1. An oscillatory model comprising N oscillators that have
inputs from the septum and from the entorhinal cortex that are a ®xed
waveform (V) with ®xed frequency (x) and phase deviations (/j or wj,
respectively)
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they can be described in terms of behavior of solutions
rather than in detailed mathematical formulations.

3.1 Mathematical analysis

We describe the dynamics of a hippocampal oscillator,
say Sn, using a VCON model (Hoppensteadt 1997). We
omit the oscillator index n below to simplify formulas:

dh=dt � c� cos h� K�cos hC�t� � cos hS�t���1ÿ cos h� ;
�1�

where c is a natural frequency of the phase oscillator
(c � 2p:40), K is the gain of the input, and we suppose
that the phases of the cortical and septal inputs,
respectively, are

hC � x0t � /C; hS � x0t � /S ; �2�
where x0 is the theta-rhythm frequency (x0 � 5Hz).

We use as an approximation to this model one ob-
tained by formally averaging it over t. Substituting
�/ � �/C � /S�=2 and U � hÿ x0t ÿ �/ results in an
equation for studying phase locking

dU=dt � cÿ x0 ÿ K cosU cosw ;

where w � �/C ÿ /S�=2 is the phase deviation between
the two inputs from the cortex and the septum,
respectively. This equation will have a stable rest point,
say U�, if the condition for phase locking,

cÿ x0

K cosw

���� ���� � 1 �3�

is satis®ed, in which case

U� � arccos
cÿ x0

K cosw
:

The condition for phase locking depends on three
parameters: K; X � cÿ x0; w. The regions of phase-
locking with the theta rhythm in the (w;X) plane for
several values of the parameter K are shown in Fig. 2.
These simple graphs demonstrate that, for ®xed oscilla-
tor natural frequencies, there are two intervals of phase
deviation values for which phase locking occurs. The
region of phase locking with the theta rhythm increases
with increasing values of the parameter K.

3.2 Computer simulations of VCON model

In this section, we consider the full VCON model of a
slice oscillator having lateral connections that are local
and weak.

dhn=dt � c� cos 2phn

� K cos hC � cos hS � e
X3

j�ÿ3;j 6�0
Cj cos 2phn�j

8>>>>:
9>>>>;

� �1ÿ cos 2phn� ; �4�

where n � 1; 2; . . . N ; hn is the phase of nth oscillator, c
is a natural frequency of the VCON oscillator
�c � 40Hz�, K is the strength of the input's in¯uence,
and we suppose that in¯uences of the cortical (hC) and
septal (hS) inputs are given by Eq. (2); e is a small
parameter that describes the weak in¯uence of the
nearest oscillators (if they exist). The study of Eq. (4)
exhibits the same phenomenon as the simpli®ed phase-
oscillator model (1); namely, the spatiotemporal pattern
of neural activity depends critically on w, which
measures the phase deviation between two inputs.

We corroborated this phenomenon with computer
simulations of the VCON model using the phase-locking
condition (3) as a guide for the selection of parameters.
The results of these simulations are shown in Figs. 3 and
4. They demonstrate the parts of the oscillatory neural
network, for the parameters indicated in the ®gure cap-
tion, that do phase lock to a theta rhythm for some phase
deviations w, and that they oscillate near the gamma
rhythm for others. The phase-locking pattern is shown in

Fig. 2. The boundary of predicted phase locking as contours of X
and w for various values of K (K � 80; K � 60).Horizontal line of o's
corresponds to frequency values c � 40;x0 � 5. The region inside
boundaries relates to phase locking with a theta rhythm

Fig. 3. Frequency output of oscillators as a function of input phase
deviations. The vertical axis gives the output frequency and the
horizontal axis gives the location. Here, N � 64
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Fig. 3, where the output frequency of each oscillator,
�X � limt!1h�t�=t, is plotted. The power spectrum of
the oscillators is shown in Fig. 4, which shows that
the output frequencies are quite rich for most devia-
tions w.

If we consider a VCON oscillator forced by signals
having nearly the same phase, and if the phase devia-
tions are chosen near zero or near p, then those oscil-
lators have similar steady-state phase deviations and the
model of the hippocampus will demonstrate almost
synchronous oscillations throughout. This result agrees
with experimental evidence showing synchronous os-
cillation of the whole hippocampus with the theta
rhythm (B. McNaughton, personal communication).
Another choice of phase deviation of inputs gives an-
other pattern of oscillations. For example, for a phase
deviation near p=2, some oscillators will be out of lock.
The power spectrum of each of the 64 oscillators is
shown in Fig. 4.

This analysis of the phase oscillator model and
computer simulations of the VCON model show that the
timing of inputs to an oscillator can result in a dramatic
change in its ®ring frequency. In particular, various
timing combinations can create characteristic patterns of
theta-rhythm activity in the array of oscillators.

4 Amplitude model

In this section, we consider each oscillator Sn to be
described by a set of two interacting neural populations:
excitatory and inhibitory. We refer to this model as
being the amplitude model or neural oscillator (Wilson
and Cowan 1972). This model enables us to study the
dynamics of average neural activity (roughly analogous
to the EEG signal) under a variety of connection
schemes.

The amplitude model is described by the equations

dEn=dt � ÿEn � �ke ÿ En�Ze�c1En ÿ c2In � Pn � Rn�;
dIn=dt � ÿIn � �ki ÿ In�Zi�c3En ÿ c4In � Qn � Vn�;
n � 1; . . . ;N :

8<:
�5�

Here, En�t�; In�t�, are the activities of excitatory and
inhibitory populations of the oscillator number
n; c1; c2; c3; c4 are positive parameters showing the
coupling strengths between di�erent types of popula-
tions (c1 � 16; c2 � 12; c3 � 15; c4 � 3); Pn and Qn are
the values of the external inputs to the excitatory and
inhibitory populations, respectively; Zp�x� � Zp�x; bp; hp�
are monotonically increasing sigmoid-type functions,

Zp�x� � 1=f1� exp�ÿbp�xÿ hp��g
ÿ 1=�1� exp�bphp��; p 2 fe; ig ;

where be; he; bi; hi are constants (he � 4; be � 1:3; hi �
2; bi � 2�; N � 64; kp is a constant and kp � 1=Zp��1�.
Rn and Vn account for interoscillator connections. It was
shown in Borisyuk et al. (1995) that the dynamics of
neural activity depends sensitively on the type of connec-
tions (excitatory-excitatory, inhibitory-inhibitory, from
excitatory to inhibitory, and from inhibitory to excitato-
ry) and each connection type is characterized by a speci®c
spatiotemporal pattern. We consider here the connection
architectures of various types, including local, global and
random connections between oscillators. In all cases that
we have considered, the same phenomena occur; the
spatiotemporal pattern of neural activity is sensitive to
the phase deviation between the two inputs.

We suppose that the input from the entorhinal cortex
has in¯uence only on the excitatory population and that
the input from the septum only has in¯uence on the
inhibitory population. The external input to the model
has the form

Fig. 4. Power spectrum of each oscillator simulated in
Fig. 3. Here, each line on starting at the vertical axis
gives the power spectrum of the oscillator at that
location. The horizontal axis gives the frequency
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Pn � �P � bC cos
2p
T
�t � /C�

� �
;

Qn � bS 1� 3 cos
2p
T
�t � /S�

� �� �
;

�6�

where �P describes the total non-speci®c in¯uence to the
excitatory population; bC describes the strength of a
speci®c sensory input from the entorhinal cortex to the
excitatory neurons; T is the period of theta-rhythm
oscillations; /C is a phase shift of the cortical input; bS
measures the strength of in¯uence of the septal input; /S
is the phase shift of the septal input.

Experimental evidence does not yet tell us how to
select parameters in these models. It is known that
populations of interactive excitatory and inhibitory
neurons are able to exhibit oscillatory behavior. Some
experimental evidence (e.g., recordings on hippocampal
slices) shows that if the endogenous oscillations of a
single hippocampal oscillator are possible, then the pe-
riod of oscillations is 20±50 ms (i.e., 20±50 Hz) (Buzsaki
et al. 1994; Traub et al. 1996).

The parameter �P controls the oscillatory activity of a
single oscillator. If the value of this parameter is small,
then only steady states with low activity levels exist. If
the parameter �P increases, the limit cycle appears
through a separatrix loop bifurcation ( �P � 1:17) and it
disappears through an Andronov-Hopf bifurcation
( �P � 1:8) (Borisyuk and Kirillov 1992). For a wide range
of parameter �P values (1:4 < �P < 1:7), the limit cycle
exists and its period varies from large to small values
(with average period value about 4).

We will consider both the case of steady-state be-
havior of a single oscillator ( �P � 1) and the case of en-
dogenous oscillations of a single oscillator. In the case of
oscillations, we choose the value of parameter �P � 1:5,
and an oscillation period is about 4 units of the model's
time. We suppose that this period (4 units of model time)
corresponds to 20 ms oscillation period in experimental
recordings. This correspondence makes it possible to
establish a time scale: one unit of the model's time is
proportional to 5 ms. Hence, the period of the theta
rhythm (200 ms) corresponds to 40 time units of model
time [T � 40 in Eq. (6)].

Note that the septal input IS inhibits the activity of
inhibitory neurons. It switches o� their in¯uence for
some time less than the half-period of the theta rhythm,
and it allows pyramidal cells (the excitatory population)
to increase their activity. Thus, it is possible for there to
be a theta rhythm in a hippocampal oscillator. The in-
¯uence of the second input (from the entorhinal cortex)
to the excitatory neurons, which is also modulated by
the theta-rhythm frequency, leads to a complex non-
linear interaction of signals. The dynamics of the oscil-
lator Sn results from this interaction.

4.1 Steady-state behavior of a single oscillator

In this section, we consider the case where each single
oscillator demonstrates steady-state behavior. We

choose the value �P � 1:0 that corresponds to a low-
level stationary background activity of a single oscilla-
tor. We study both the dynamics of a single oscillator
and the dynamics of coupled oscillators with di�erent
connection types. Experimental evidence on intrahippo-
campal connections between pyramidal neurons (Is-
hizuka et al. 1990) shows complex organization of the
connection, both along the septotemporal axis and
transversally. We suppose that a thin hippocampal slice
perpendicular to the septotemporal axis contains inter-
connected pyramidal neurons and interneurons, which
form a neural oscillator. Connections between oscilla-
tors re¯ect a complex topology of intrahippocampal
projections originating from pyramidal cells along
septotemporal axis. Our models are very coarse and
they do not take the ®ne details of the nature of these
connections into account. Nevertheless, we consider
di�erent connection types to exist between oscillators
(local, all-to-all, and random) and show that for each
case a spatiotemporal pattern of neural activity mainly
depends on phase deviations between the two inputs.

Note that generally oscillatory behavior of the model
is possible due to both the interactions between oscilla-
tors and the external oscillatory inputs. For example, if
both external inputs are not e�ective [in Eq. (6) bC � 0
and bS � 0], then oscillatory behavior occurs for all-to-
all connections between excitatory populations with
connection strengths randomly and uniformly distrib-
uted between 0 and 0.1 [see Eq. (7)]. The spatiotemporal
pattern of these oscillations is shown in Fig. 5. The os-
cillations are regular and coherent with a period of
about 4 time units (20 ms). This result demonstrates that
a gamma rhythm might appear due to interactions be-
tween single slice oscillators with low-level stationary
activities.

When only the septal input is e�ective (bC � 0;
bS 6� 0), the period of hippocampal oscillators is about
200 ms and phase locking with a theta rhythm appears.
When both inputs are e�ective, the amplitude of the
oscillatory activity depends on the phase deviation be-
tween the input signals. Figure 6 shows the maximal
amplitude of an oscillation from the excitatory popula-
tion of a single oscillator plotted against the phase de-
viation. At some values of the phase deviation, the
amplitude of the activity is quite large. This is similar to
the predictions of the frequency domain analysis. For
some values of the phase deviation, the amplitude is
rather small, and the activity is out of phase-lock with
the theta rhythm.

There is a critical value of the phase deviation where
the amplitude of oscillations `jumps' from small to large
values. Figure 7 shows two limit cycles, the smaller one
corresponds to w � 26:6808 and the larger one corre-
sponds to w � 26:6809!

4.1.1 Local connections
We show here that, while single oscillators in this case
are stationary with a low activity level ( �P � 1), collective
interactions of the entire set of slice oscillators and two
external inputs can exhibit interesting spatiotemporal
patterns of oscillations.
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Consider a chain of locally coupled oscillators forced
by input signals IC and IS with appropriate phase delays
as described above. While we can consider all four types
of connections (excitatory-excitatory, inhibitory-inhibi-
tory, from excitatory to inhibitory and from inhibitory
to excitatory), we present results here for the ®rst case.
All other cases also exhibit dependence of the spatio-
temporal pattern of neural activity on a phase deviation
between oscillators.

Each oscillator receives six connections: three from
the left and three from the right. The connection
strength decreases with distance from the oscillator. For
example, the in¯uence of the nearest oscillators to the
nth oscillator for the excitatory-excitatory symmetric
connections is given by

Rn �
X3

j�ÿ3; j 6�0
ajEn�j; Vn � 0 ;

where aj decreases with the distance jjj. Here, we simply
ignore the terms with indexes that are out of range.

The value of Dt, introduced in Sect. 2, is chosen in a
such way that the traveling time of a signal along the
whole hippocampus is about 50 ms (one fourth of the
theta-rhythm period) (O'Keefe and Nadel 1978). Fig-
ure 8A,B shows the activities of the excitatory popula-
tions of di�erent oscillators of the hippocampus with
di�erent values of phase deviation between inputs. At
particular values of the phase deviation, some oscillators
either have a low level of activity or are completely in-
active (Fig. 8A). Nevertheless, there are values of the
phase deviation that cause high activity levels in the
pyramidal cells in all hippocampus oscillators (Fig. 8B).

Fig. 5. An example of gamma oscillations arising
due to interactions between single oscillators with
low-level stationary activity. [bC � 0; bS � 0,
�P � 1, Qn � 0, Rn is given by Eq. (7), Wn � 0,
N � 64]

Fig. 6. The maximal amplitude of excitatory population activity for a
single slice oscillator versus the phase deviation of input signals
w � /C ÿ /S . (0 < /C < 40; /S � 0, bC � 0:2, bS � 1:5, T � 40,
�P � 1; Q � 0; R � 0; W � 0; N � 1).

Fig. 7A,B. The limit cycle of a single slice oscillator for two very close
values of a phase deviation (parameter values are the same as in
caption to Fig. 6). A Phase deviation w � 26:6808; B phase deviation
w � 26:6809
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The results for the other connection types between os-
cillators are similar.

4.1.2 All-to-all connections
We suppose here that each oscillator has connections
with all other hippocampal oscillators. The connection
type is excitatory-excitatory and the connection values
are randomly distributed as before. The connection
terms in Eq. (5) are now

Rn �
XN

j�1;j 6�n

wnjEj; Vn � 0 ; �7�

where wnj are random variables that are uniformly
distributed between 0 and 0.1. The resulting spatiotem-
poral pattern of oscillatory activity is shown in Fig. 9.
Other connection types give rise to similar phase-
deviation dependent spatiotemporal dynamics of neural
activity (not shown).

4.1.3 Random connections
Here, we consider the chain of 64 oscillators each having
30 random connections. The excitatory population of
each oscillator receives connections from 30 neural
populations, excitatory or inhibitory. These populations
are randomly chosen between 126 possible populations
of other oscillators. The connection strengths also are
randomly chosen, with their absolute values distributed
uniformly between 0 and 0.5. The connection strengths
are negative for terms including the in¯uence of the
inhibitory population and connection strengths are
positive for the terms including the in¯uence of an
excitatory population.

Figure 10 shows two spatiotemporal patterns of
neural activity corresponding to two di�erent values of
phase deviation w. Almost all oscillators shown in
Fig. 10A (w � 17) exhibit large amplitude synchronous
oscillations at the theta frequency. Another spatiotem-
poral pattern, corresponding to the phase deviation
value w � 37, is shown in Fig. 10B. There is a large

Fig. 8A,B. Local connections. The spatiotemporal pat-
terns of activity for di�erent values of phase deviation
w�0 < w < 40�; /S � 0, bC � 0:2; bS � 1:5, T � 40,
�P � 1, Q � 0; N � 64; a1 � 0:5; a2 � 0:1, a3 � 0:05,
aÿ1 � 0:5; aÿ2 � 0:1; aÿ3 � 0:05; A w � 5; B w � 18
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di�erence between oscillation amplitudes for di�erent
oscillators in this case.

4.2 Oscillatory behavior of a single oscillator

In this section, we consider the case of oscillatory
activity of a single hippocampal oscillator. The value of
the control parameter is �P � 1:5 and, the oscillation
period is about 4 model time units (20 ms). We assume
that the natural frequency of the oscillator is in the range
of gamma oscillations (20±50 Hz). While we do not
model the gamma oscillations, others have done so using
®ne synaptic processes and, in particular, GABAA

synaptic inhibition (Traub et al. 1996; Wang and
Buzsa'ki 1996; Traub et al. 1997). In this case, a typical
spatiotemporal activity pattern is a pattern of quasi-
periodic (envelope) oscillations.

4.2.1 Envelope oscillations
Figure 11 shows the activity of the single hippocampal
oscillator when both inputs to the oscillator are active.
The envelope oscillations are rather typical for these
values of parameters. The activity of excitatory neurons
(pyramidal cells) in the model simulations is similar to
the EEG activity in the range of the gamma rhythm
recorded from the hippocampus (cf. Fig. 3B in Bragin
et al. 1995). Figure 11B shows the activity of the single
hippocampal oscillator in the case of a lesion eliminating
the input from the entorhinal cortex (bC � 0, bS 6� 0). In
this case, the 40-Hz oscillations almost completely
disappear, and the 5-Hz oscillations dominate.

Figure 12 shows spatiotemporal patterns of activity
for the case of random connections between oscillators.
Each oscillator receives ten connections from neural
populations (excitatory or inhibitory) of other oscilla-
tors. The values of connection strengths are randomly

Fig. 9. All-to-all connections. The spatiotemporal
patterns of activity for di�erent values of phase deviation
w�0 < w < 40�; /S � 0; bC � 0:2, bS � 1:5; T � 40,
�P � 1;Q � 0; N � 64. The values of all-to-all excitatory
connection strengths are uniformly distributed between 0
and 0.1, A w � 5; B w � 35
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distributed between 0 and 0.1. Figure 12 shows the
spatiotemporal activity where all oscillators are phase-
locked with theta rhythm. Oscillations with a low index
(location) have both gamma and theta rhythms and
those at the other end have theta rhythms.

4.2.2 Lesion of the entorhinal cortex input
Our analysis suggests that if there is a lesion from the
entorhinal cortex to the hippocampus and only input
from the medial septum, then there is a uniform theta
rhythm. Under these experimental conditions, the

Fig. 10A,B. Random connections. The spatiotemporal
patterns of activity for di�erent values of phase deviation
w�0 < w < 40�; /S � 0; bC � 0:2, bS � 1:5; T � 40,
�P � 1, Q � 0; N � 64. The values of 30 randomly chosen
connection strengths are uniformly distributed between 0
and 0.5. Aw � 17; B w � 37

Fig. 11A,B. Phase portrait and dynamics of a single oscillator mode.
A Envelope oscillations with both gamma and theta frequencies.
(/C � 0; /S � 20; bC � 0:3, bS � 0:25; T � 40; �P � 1:5; Q � 0,
R � 0, W � 0; N � 1). B Oscillations in the case of the entorhinal
cortex lesion; the amplitude of gamma oscillations is very small
(/C � 0; /S � 20, bC � 0, bS � 0:25; T � 40; �P � 1:5; Q � 0,
R � 0, W � 0; N � 1)

b
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amplitude of gamma rhythm is much smaller (only 20±
30% of normal; Bragin et al. 1995). The result of
computer simulations of the Eq. (4) is shown in Fig. 13.
The spatiotemporal pattern corresponding to these
experimental conditions demonstrates mostly theta
rhythms and only oscillations with small amplitude are
related to high frequency modes. In this simulation, we
have used the same parameter values as in the simulation
shown in Fig. 12, but with bC � 0.

4.2.3 Lesion of the medial septum input
Lesion of the septal input has the opposite e�ect.
Computer simulations of Eq. (4) are shown in Fig. 14.
The spatiotemporal pattern corresponding to these
experimental conditions demonstrates mostly gamma
rhythms and only oscillations with a small amplitude are
related to theta frequencies. In this simulation, we have
used the same parameter values as in the simulation
shown in Fig. 12, but with bS � 0.

The simulations with lesions of di�erent inputs show
that both inputs are important for the creation of a
spatiotemporal pattern of neural activity in the hippo-
campus, but the in¯uence of each input has some spe-
ci®city. The input from the entorhinal cortex provides
mostly a high frequency part of multi-frequency oscil-
lations and the input from the medial septum has a
larger in¯uence on a low frequency theta-rhythm region.

5 Discussion

The dynamics of a single hippocampal slice is modeled
here ®rst by a phase oscillator. We show that non-linear
interactions between two periodic inputs result in phase-
locking patterns that depend on the phase deviation
between the input signals. In some range of phase
deviations, the model demonstrates partial phase lock-
ing with the theta frequency. This result implies that

Fig. 12. Spatiotemporal activity patterns for the oscilla-
tory mode of a single oscillator and random interoscil-
latory connections uniformly distributed between 0 and
0.1. bC � 0:3; bS � 0:25; T � 40; �P � 1:5, Q � 0;N �
64;/C � 0, w � 20

Fig. 13. Spatiotemporal pattern for lesion of the en-
torhinal cortex input. A single oscillator is in an
oscillatory mode and connections between oscillators
are random and uniformly distributed between 0 and 0.1.
bC � 0, bS � 0:25, T � 40; �P � 1:5; Q � 0; N � 64,
/C � 0, w � 20
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only proper phase deviations of inputs will provide
synchronous activity of the hippocampus at the theta
rhythm, and it shows that a spatial pattern of phase
locking will result.

The amplitude model is used to describe the dynamics
of a single hippocampal slice comprising excitatory
(pyramidal neurons) and inhibitory (interneurons) neu-
ral populations. The response of the model is controlled
by an input parameter acting on the excitatory popula-
tion. Varying this parameter results in moving from the
regime of stationary background activity to the regime
of oscillatory activity through an Andronov-Hopf bi-
furcation. The hippocampal oscillator is forced by two
oscillatory inputs, one acting on the excitatory popula-
tion and the other on the inhibitory population. Our
analysis demonstrates that the non-linear interaction of
two oscillatory inputs can result in complex dynamics
and spatiotemporal patterns.

We have studied this problem elsewhere from the point
of view of spike trains using a three-dimensional array of
integrate-and-®re units simulating both pyramidal cells
and interneurons of the hippocampus. The results of these
three-dimensional simulations are consistent with those
described in this paper when suitably restricted.

As suggested by the VCON analysis, computer sim-
ulation of the neural oscillator model exhibits theta-
rhythm phase-locking patterns for some combinations
of septal and cortical a�erent phase deviations. Our
study of activity in the hippocampus is closely related to
a theory developed by Miller (1991) concerning reso-
nant, self-organizing phase-locked loops that might ap-
pear between the hippocampus and cortex. In his theory,
the corticohippocampal interplay is considered to be a
selection process for choosing appropriate resonant
loops between the entorhinal cortex and the hippocam-
pus, each with speci®c propagation times. These loops
(speci®c paths) make possible complex information
processing in the hippocampus. For example, memory
and learning in the hippocampus depend on the theta-
rhythm activity and phase relations between oscillations
of laminar activity (Miller 1991).

Kryukov's theory (Kryukov et al. 1990) views the
hippocampus as being a central executive that scans the
cortical columns for resonant activity, and so forms a
focus of attention. One might view Miller's and Kryu-
kov's theories as being inconsistent with our results.
However, these di�erences are reconciled when one
views the feedback from the hippocampus as modulating
or shaping the timing of the medial septum.

This paper shows that the timing of input signals can
in¯uence both the frequency and timing of outputs of
spatial arrays of model neurons. We have shown (Bo-
risyuk and Hoppensteadt 1998) that timing can also play
an important role in modifying network connections
during memorization of temporal sequences.
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