
Contributed article

Dynamics of neural networks with a central element

Y.B. Kazanovicha, R.M. Borisyuka, b,*
aInstitute of Mathematical Problems in Biology of the Russian Academy of Sciences, Pushchino, Russia

bSchool of Computing, University of Plymouth, Drake Circus, Plymouth PL4 8AA, UK

Received 29 April 1998; accepted 23 September 1998

Abstract

A neural network is considered which is designed as a system of phase oscillators and contains a central oscillator that interacts with a
number of peripheral oscillators. Analytical and simulation methods are used to study the dynamics of the system that is conditioned by the
interaction parameters and natural frequencies of the oscillators. The boundaries of parameter regions are found that correspond to the
synchronization of the whole network or to partial synchronization between the central oscillator and a group of peripheral oscillators. For a
system with two peripheral oscillators the bifurcation analysis is applied to describe the changes of synchronization modes. The implications
of the results for attention modeling are discussed.q 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In this work we study the synchronization modes that may
appear in oscillatory neural networks. This is motivated by
numerous biological data about oscillatory and synchronous
activity in the brain and their role in information processing
(Gray, 1994). High-frequency oscillations have been found
in the visual cortex in response to stimulation by moving
light bars and it has been shown that under some conditions
the oscillations become coherent both in adjacent and
distant groups of neurons (Eckhorn et al., 1988; Gray et
al., 1989). Indirect evidence also exists for the synchronous
activity of neural structures when solving psychological
tasks (see, e.g., Pfirtscheller and Klimesch, 1992; Ivanitsky,
1993). According to von der Malsburg (1981), the binding
of separate features of an object into an integrated image
should be sought in temporally coherent phase locking of
neural activity.

Recently some doubts have been put forward in relation
to synchrony-binding hypothesis in perceptual organization
(Kiper et al., 1996). However a new series of studies demon-
strate that ‘‘human subjects are able to perform texture
discrimination when texture and background elements
were spatially identical but presented in a different temporal
phase’’ (Leonards and Singer, 1998; Usher and Donnelly,
1998).

Oscillatory neural networks provide appropriate facilities
to model synchronization effects in the brain (Borisyuk et
al., 1992). In particular, networks of phase oscillators have
been found efficient when a qualitative mathematical
description of synchronization is needed. A phase oscillator
is described by one variable, the oscillation phase, and the
interaction between oscillators is realised via phase locking.
This simplifies the analysis of conditions when the synchro-
nization of oscillators takes place (Kuramoto and Nishi-
kawa, 1987; Daido, 1988, 1990; Strogatz and Mirollo,
1988).

The problem of reduction of the oscillatory neural
networks of spiking neurones to the networks of phase oscil-
lators has been the subject of several studies. It is known that
under some conditions the average activity of interacting
populations of excitatory and inhibitory spiking neurones
forming a cortical column can be adequately represented
by the networks of neural oscillators of Hopfield or Will-
son–Cowan type (Wilson and Cowan, 1973). Assuming
weak coupling between neural oscillators, further reduction
can be made that leads to the network of phase oscillators
(Ermentrout and Kopell, 1991; Schuster and Wagner,
1990a; Kryukov, 1991). The first order approximation of
the interaction function in phase equations gives the sinu-
soid interaction function that depends on the phase differ-
ence between interacting oscillators. In many papers such
representation of the interaction between neural oscillators
is postulated and used without suggesting week coupling
between oscillators. Though not quite rigorous, this
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approach was successfully used for modeling neurophysio-
logical data related to the synchronization of neural activity
in the cortex (Kuramoto et al., 1992; Sompolinsky et al.,
1990; Schuster and Wagner, 1990b; Kammen et al., 1990).

The concept that there should be common principles of
grouping the information on both preattention level (parallel
processing) and attention level (serial processing) led to the
application of synchronization hypothesis to explain also
how the focus of attention is formed (Crick and Koch,
1990; Kryukov, 1991). The following difference has been
assumed to exist between these two levels: on the low preat-
tentional level the synchronization appears as a result of
interaction between neural assemblies in the primary corti-
cal areas, while on the higher attentional level the synchro-
nization is controlled by some special brain structures (the
thalamus, the hippocampus, the prefrontal cortex). It is
presumed that these structures participate in selective
synchronization of cortical areas that should be included
in the attention focus. Thus, this point of view suggests a
plausible and general mechanism of parallel processing on
the low level and of sequential processing on the higher
level.

The synchronization principle is used in several models
of attention that has appeared in the last years. Horn et al.
(1991) developed the idea to label the features of an object
by noise. It is assumed that owing to the different locations
of objects, the noise is identical for the features of a parti-
cular object, but different objects are labeled by different
noise. The desynchronization between the populations of
oscillators representing different objects is performed by
an inhibitory neuron, which sequentially synchronizes
with each of the populations. Thus, noise is used as a source
of synchronization for the features of an object. A similar
mechanism of desynchronization has been described in
(Malsburg and Buhman, 1992). This model has been further
improved in (Wang and Terman, 1995). The latter paper
presents a network with a relatively small number of
elements and connections that can solve the binding
problem for real pictures, containing the images of several
objects.

Note that all these papers have been originally directed to
the solution of the binding problem but they can also be
interpreted in terms of attention modeling. Such a possibi-
lity of different interpretations can already be found in the
work (Malsburg and Schneider, 1986). It is well known that
one of the main tasks performed by attention is to choose
from the given sensory information such a part that is rele-
vant to a prescribed object (Treisman and Gelade, 1980).
Hence, attention can be described as binding applied to the
features of an object, which is currently in the focus of
attention.

The papers (Niebur et al., 1991; Niebur et al., 1993;
Niebur and Koch, 1994) implement the search-light hypoth-
esis of attention byCrick and Koch (1990). The first of these
papers uses the oscillating noise to label the features that
should be included in the attention focus. The second paper

proposes a brief and rapidly increasing signal, which is
added to the main stimulus-evoked signal to simultaneously
activate all attended neurons.

Also there are several models of selective attention based
on traditional connectionist principles that use either serial
information processing (Olshausen et al., 1993) or parallel
processing (Humphreys and Muller, 1993; Grossberg et al.,
1994; Usher and Niebur, 1996). Olshausen et al. (1993)
developed a model of attention that gives position- and
scale-invariant object representation by introducing cortical
neurons to dynamically modify the synaptic strengths of
intra-cortical connections. Grossberg et al. (1994) suggested
a model of attentional visual search based on a clasterization
algorithm similar to ART. Another grouping methods are
suggested in the Humphreys and Muller (1993) model
which is a bottom-up connectionist implementation of late
selection theory. In the paper by Usher and Niebur (1996)
the selective attention model is based on the bias originated
from a working memory module. As a result of this bias, a
weak additional input is added to the target object in the
sensory memory by the top-down feedback projection from
working memory module to the sensory memory.

In this paper a model of attention implemented as a
network of phase oscillators is considered. Such a network
was proposed in (Kryukov, 1991). The network was
designed as a system of peripheral oscillators (PO) coupled
with a central oscillator (CO) by feed forward and backward
connections. It was presumed that the septo-hippocampal
region might play the role of the CO, while the POs might
be represented by cortical columns. Attention was inter-
preted as the result of the synchronization of oscillations
between the septo-hippocampal region and some parts of
the cortex. The POs that are phase locked by the CO were
considered as forming the focus of attention. Connections
between cortical columns were ignored to simplify the
analysis of the model.

This model of attention is supported by many biological
observations which are cited in (Kryukov, 1991). Among
the most important we refer to the paper of Cowan (1988),
where the concept of the central executive has been put
forward in relation to selective attention. According to
Cowan, the focus of attention is represented by a subset of
short-term memory storage, which is controlled by the
central executive. Miller (1991) formulated the theory of
representation of information in the brain based on
cortico-hippocampal interplay. He assumed that this repre-
sentation results from the synchronization of the activity of
the hippocampus and some parts of the cortex owing to a
proper choice of time delays in the connections between
these structures. There are many experimental works
which confirm that the hippocampus is involved in the
formation of attention in classical conditioning (for a review
see Schmajuk and DiCarlo, 1992), though the role of the
hippocampus and the mechanism of its interaction with the
cortex are still under discussion.

The present work continues the study of networks with a
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central unit undertaken in (Kazanovich and Borisyuk,
1994). Luzyanina (1995) have considered similar networks
with time-delayed coupling. The idea of using a central unit
as a global source of synchronization also appeared in
Kammen et al. (1990) and Lumer and Huberman (1991)
where networks of other architectures were studied.

In this work we suppose that the set of POs is divided into
two groups, namelyA andB, each being activated by one of
two stimuli simultaneously presented to the attention
system. The natural frequencies of oscillators in the groups
are randomly distributed in two non-overlapping intervals.
The interaction between the CO and POs is supposed to
have identical strength for all oscillators of a group. We
also fix the average values of natural frequencies of oscilla-
tors in each group. Thus, the dynamics of the system is
controlled by three parameters: two interaction strengths
between the CO and the oscillators of groupsA and B,
and the natural frequency of the CO.

The main problem considered below is to describe
dynamic modes that may appear in the network for various
values of these parameters. Three types of network
dynamics are of interest for us:

• global synchronization when all oscillators run with the
same frequency (this mode is attributed to the case when
the attention focus includes two stimuli);

• partial synchronization of the CO and one group of POs
with their current frequencies being similar to each other
while the current frequencies of the other group of POs
are quite different (this mode is attributed to the case
when the attention focus includes one of two competing
stimuli);

• no-synchronization mode when the current frequencies
of POs in both groups are far from the current frequency
of the CO (this mode is attributed to the case when the
attention focus is not formed).

Two limit cases are considered: first, when each group
consists of one oscillator, and second, when each group
consists of a large number of oscillators. Using analytical
and computational methods we find the boundaries of para-
meter regions where the above mentioned types of dynamics
take place. Biologically, the second case seems to be more
realistic, but the first case is also very important. As can be
seen below, the results in both cases are qualitatively simi-
lar, therefore the first case can be considered as an approx-
imation of the second one when a group of oscillators is
substituted by a single oscillator. The mathematical analysis
of the first case can be made more advanced and rigorous
while in the second case we have had to attract some heur-
istic assumptions.

Section 2 contains the formal description of the networks
of phase oscillators with a central element and the formula-
tion of the problem. In Section 3 we analyse the networks
with two POs and obtain the bifurcation boundaries of
various synchronization modes. This gives the possibility
to control the transition from one synchronization mode to

another. Section 4 is devoted to the networks with many
POs. In this case the parameter regions that correspond to
various synchronization modes can be found analytically.
By network simulation we describe the conditions when the
final dynamics of the network depends on initial phases. In
Section 5 the results obtained are interpreted and discussed
in terms of attention modeling. This includes the interpreta-
tion of psychological experiments on visual selective atten-
tion, the problem of the focus of attention formation and the
possibility of spontaneous attention switching.

2. Statement of the problem

Let all POs are divided into two groups withn oscillators
in each group. GroupA contains the POs whose natural
frequenciesvA

i are independently and randomly distributed
in the interval�vA 2 l;vA 1 l�. The oscillators of groupB
have natural frequenciesvA

j that are independently and
randomly distributed in the interval�vB 2 l;vB 1 l�.
Suppose thatvB 2 vA . 2l, that is the intervals do not
overlap. We putl � 0 for n� 1 and l . 0 for n . 1. In
the latter case the value ofl is taken to be by one order of
magnitude lower thanvB 2 vA.

Let ui
A�t� be the phases of POs of groupA, ui

B�t� be the
phases of POs of groupB, u0�t� be the phase of the CO and
v0 be its natural frequency. Then the dynamics of the
network of phase oscillators with a central element is
described by the equations

du0

dt
� v0 1

a

n

Xn
i�1

sin ui
A 2 u0

� �
1

b

n

Xn
j�1

sin uj
B 2 u0

� �
;

�1a�

dui
A

dt
� vi

A 1 asin u0 2 ui
A

� �
; i � 1;…; n; �1b�

duj
B

dt
� vj

B 1 bsin u0 2 uj
B

� �
; j � 1;…;n; �1c�

wherea andb are parameters that determine the interaction
strengths between the CO and the oscillators of groupsA
andB, respectively. All natural frequencies of oscillators are
chosen according to their distributions and then fixed. By
definition, the derivatives of the phases in the right hand side
of Eq. (1) are the current frequencies of the oscillators.

Note that by changing the variables in Eq. (1) we get

unew� uold 2 vt

and rescaling time we can get arbitrary values ofvA andvB.
Hence, without loss of generality, we will restrict the
consideration by a fixed pair of valuesvA, vB and study
the dynamics of (1) as a function of three parametersv0, a
andb . As a result of the symmetry of the role of groupsA
andB in the network, the complete investigation of (1) can
be restricted by the values ofv0 satisfying the inequality
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v0 $ vA1vB
2 . The results obtained in this case can evidently

be reformulated for any other values ofv0.
Let us say that the network is in aglobal synchronization

mode if its dynamics is described by a stable solution of (1)
such that all oscillators run with the same frequencyV ,

V � du0

dt
� dui

A

dt
� duj

B

dt
; i; j � 1;…;n:

In this case the difference between the phases of a PO and
the CO does not vary with time. Summing the right hand
sides of Eqs. (1a–c), we find that

V � v0 1 �vA 1 �vB

3
; �2�

where k �vAl and k �vBl are the average values of natural
frequencies of POs in groupsA andB, respectively,

�vA � 1
n

Xn
i�1

vi
A; �vB � 1

n

Xn
j�1

vj
B:

Suppose that the network is not in the global synchroni-
zation mode. Let us say that thekth PO (that can belong to
any group,A or B) is partially synchronous with the CO if
the dynamics of the network is described by a stable (at least
locally) solution of (1) such that the difference between the
phases of this PO and the CO is restricted, that is there exists
such a constantC that for any momentt

uu0�t�2 uk�t�u , C:

A group of oscillators (A or B) is called partially synchro-
nous with the CO if all oscillators of the group are partially
synchronous with the CO. In this case we say that the
network is in the mode ofpartial synchronization. Note
that the definition of partial synchronization in terms of
phases is reasonable here because the current frequencies
of partially synchronous oscillators are not equal, owing to
the perturbing influence of oscillators from the other group.

According to the given definition, the partial synchroni-
zation of a group does not necessarily require that all oscil-
lators of the other group are out of partial synchronization
with the CO. If all oscillators of one group are partially
synchronous while none of the oscillators of the other
group is partially synchronous, we will say aboutstrict
partial synchronizationof the former group.

If a stable dynamics of the network does not show either
global or partial synchronization we say that the network is
in no-synchronizationmode.

The main problemin the study of synchronization modes
can be formulated as the determination of the regions of the
parametersv0, a , b where the network shows one of the
following types of dynamics:

• Global synchronization;
• Partial synchronization of the CO and a group of POs;
• No-synchronization mode.

We study this problem for two limit cases: a small
number of POsn� 1� � and a large number of POsn! ∞� �.

For a fixed value ofv0, let us introduce the following
notation for the regions on the planeb;a

ÿ �
that correspond

to various dynamic modes of the network:

• GS is the region where global synchronization takes
place for some initial phases;

• PSA; PSB are the regions where partial synchronization
of groupsA andB takes place for some initial phases;

• NS is the region where the no-synchronization mode
exists.

Note that these definitions imply that the regions may
overlap because different types of dynamics can be condi-
tioned by the choice of initial phases.

3. Dynamics of a network with two peripheral oscillators

Consider a network that consists of two POsn� 1� �, the
first PO belongs to groupA and its natural frequency is
v1

A � vA, the second PO belongs to groupB and its natural
frequency isv1

B � vB. In this case the frequency of global
synchronization is

V � v0 1 vA 1 vB

3
:

To study (1), it is convenient to change the variables
for phase differencesf1 � u0 2 u1

A;f2 � u0 2 u1
B. Their

dynamics is described by the following system of
equations on the two-dimensional torus T� f1;f2

ÿ �
:

�
2p # f1 # p;2p # f2 # pg:
df1

dt
� v0 2 vA

ÿ �
2 2a sinf1 2 b sinf2;

df2

dt
� v0 2 vB

ÿ �
2 av sinf1 2 2b sinf2;

�3�

3.1. Stationary states

Structurally stable stationary solutions of (3) can be found
from the expressions

sinf1 � V 2 vA

a
; sinf2 � V 2 vB

b
�4�

Under conditions

uV 2 vAu , a; uV 2 vBu , b; �5�
there are four solutions of (4):A1 j1; j2

ÿ �
, A2 j1;h2

ÿ �
,

A3 h1; j2

ÿ �
, A4 h1;h2

ÿ �
, where

j1 � arcsin
V 2 vA

a
; j2 � arcsin

V 2 vB

b
;

h1 � p 2 arcsin
V 2 vB

a
; h2 � p 2 arcsin

V 2 vB

b
:

The analysis of stability of these solutions shows thatA1
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is a stable node,A2 andA3 are saddle points, andA4 is an
unstable node. The phase diagram is shown in Fig. 1.

The global synchronization is represented by a stable
stationary solution of (3). Fig. 1 shows the case where
there is a unique stable solution. It will be seen later that
this is not always true.

For several values of the natural frequency of the CO,
Fig. 2 shows parameter regions on the planeb;a

ÿ �
that

correspond to various dynamic modes. The global syn-
chronization region (regionGS) given by (5) has the form
of a right angle with the boundaries being parallel to
co-ordinate axes. Fig. 2d represents a special case where
V � vB � 10 v0 � 20

ÿ �
. In this case the vertical boundary

of GS goes along the ordinate axis, therefore the global
synchronization can be reached here for an arbitrary weak

interaction between the CO and the second PO, though the
natural frequencies of these oscillators are different.

For any fixed value ofv0, there exist such interaction
parametersa;b that formula (5) is true. The bifurcation of
stationary solutions (3) takes place when at least one of
conditions (5) is broken. For example, leta be equal to
the critical valuea � V 2 vA that turns the first condition
of (5) into equality (the violation of the second condition
can be considered similarly). Thenj1 � h1 � p=2, and at
the moment of bifurcation two saddle-nodes appear as a
result of collision of the pointsA1 with A3 andA2 with A4,
respectively. The phase diagram of the system at the
moment of bifurcation is given in Fig. 1b. When an inter-
action parameter becomes lower than critical, a limit cycle
is born from a separatrix of the saddle-node. Two limit
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region of global synchronization (saddle-nodes formation),v0 � 5;a � 7;b � 5; (c) Phase diagram of the system in the mode of partial synchronization (a
stable and an unstable limit cycles of the homotopy type (1,0)),v0 � 5;a � 7;b � 4:8.



cycles, stableC1 and unstableC2, that appear in this case are
shown in Fig. 1c.

3.2. Limit cycles

A limit cycle of (3) can be characterised by its homotopy
type m; k� �, wherem and k are the numbers of rotations
made during one period of the cycle byf1 andf2, respec-
tively. Evidently, a PO is partially synchronous with the CO
if the dynamics of (3) is a limit cycle of the type (0,1) (for
the oscillatorA) or of the type (1,0) (for the oscillatorB).

The bifurcation of stationary solutions described in
Section 3.1 gives rise to limit cycles of the type (1,0) or
(0,1), hence it leads to partial synchronization. Partial synchro-
nization disappears when both interaction parameters become
small enough and the limit cyclesC1 and C2 merge and
disappear. So, the boundary of the region of partial synchro-
nization on the planeb;a

ÿ �
that separates it from the region

of no-synchronization mode is the curve of the fold bifurca-
tion of limit cycles. To find this curve, we used the program
LOCBIF (Khibnik et al., 1993). The results of computations
of the boundaries are presented in Fig. 2.
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Fig. 2a shows a typical bifurcation diagram for
5 # v0 , 10. In this case, crossing the boundary from the
region of partial synchronization to the regionNS implies
that quasiperiodic oscillations (torusT) appear in the phase
space (the exception is represented by the ‘‘symmetric’’
case whenv0 � 5 anda � b, in this case the phase diagram
consists of closed trajectories). Examples of phase diagrams
for NSare given in Fig. 3.

Fig. 2b v0 � 10
ÿ �

shows a unique case when the bound-
ary betweenPSB andNSoriginates from zero.

If 10 , v0 , 20 (Fig. 2c), the regionNSbreaks up into
two parts with a single common point between them. It is
interesting to see how the synchronization modes are chan-
ging with the increase ofa . Let, e.g.,v0 � 15,b � 1 anda
be gradually increasing up from zero. This results in gradual
decrease of the average value of the current frequency of the
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Fig. 3. Examples of phase diagrams for the no-synchronization mode: (a)
v0 � 5;a � 2;b � 1, (b)v0 � 5;a � 1;b � 1.

Fig. 4. Examples of limit cycles near the saddle mode loop bifurcation:
(a)v0 � 25;a � 11;b � 4:15, (b)v0 � 25;a � 11;b � 4:14, (c)v0 � 25;
a � 11;b � 4:13.



CO (Kazanovich and Borisyuk, 1994). Ifa is small enough,
the average frequency of the CO is much greater thanvB �
10 andb is too small to synchronize the CO withB. For
greater values ofa , the average frequency of the CO is
drawn nearervB and therefore the partial synchronization
between the CO andB becomes possible. Ifa is increased
even more, this leads to further decrease of the average
frequency of the CO, the gap between this frequency and
vB becomes too large and again the partial synchronization
between the CO andB becomes impossible. Ifa is large
enough, the partial synchronization ofA arises.

A new topological transformation of the bifurcation
diagram takes place forv0 , 20 (Fig. 2d). Now only the
oscillatorB can be in partial synchronization with the CO.
Note that forv0 , 20 the left boundary ofGS has been
moving to the left with the increase ofv0, further increase
of v0 v0 , 20

ÿ �
changes the direction of this movement to

the right.
For v0 . 20 a new peculiarity of the phase diagram

appears (a typical diagram in this case is shown in Fig.
2e): now the boundary betweenGSand NS is no longer a
single point but a curve connecting a pointD1 on the vertical
boundary region (5) and a pointD2 on the horizontal bound-
ary of this region.

For v0 , 20 the bifurcations considered above give a
comprehensive description of the transformations of phase
diagrams which are related to the changes of dynamics of
(3). If v0 . 20, the transition between the regionsGS, PS
andNScan be accompanied by more complex bifurcations.
For example, consider a neighbourhood of the pointD2 (a
neighbourhood of the pointD1 is arranged similarly).
Crossing the boundary of the regionGS on the right of
D2 gives rise to a pair of limit cycles (stable and unstable)
of the homotopy type (1,0), in other words, the partial

synchronization ofB appears. However, if crossing of the
boundary takes place on the left ofD2, there appears a pair
of limit cycles of the type (1,2). This is explained by the fact
that the pointD2 is located on the saddle-node curve and the
bifurcation of co-dimension 2 takes place at this point. At
the moment of bifurcation the separatrix that goes out from
a saddle-node with the stable node part comes to a saddle-
node with the unstable saddle part. We do not know the
exact diagram for this bifurcation, similar bifurcations on
the torus have been considered in (Baesens et al., 1991). It
seems that the curve of fold bifurcation of limit cycles of the
homotopy type (0,1) has the end at the pointD2; in a neigh-
borhood of this point one can find limit cycles of various
homotopy types. Examples of such cycles are shown in
Fig. 4. Note that this part of the regionNS is not homoge-
nous. It contains both the points that correspond to limit
cycles of the type different from (0,1) and (1,0) and the
points that correspond to quasiperiodic oscillations.

Forv0 . 20 limit cycles of the type not equal to (1,0) and
(0,1) can also be found in the regionGS, co-existing with
stationary solutions (the regionGS1 NSin Fig. 2e). In this
case the choice between the global synchronization and no-
synchronization modes is conditioned by initial phases (see
Fig. 5).

4. Dynamics of a network with many peripheral
oscillators

Consider a network with a large numbern of oscillators in
groupsA andB. To determine the boundaries of the regions
GS, PSA, PSB, NS in this case, we use analytical methods
and computer simulation of the network.

Again, as in the casen� 1 studied above, global
synchronization implies that there exists a stable stationary
solution of the system of equations for the phase differences
between the CO and POs. The necessary condition for
global synchronization is

uV 2 vi
Au # a; uV 2 vj

Bu # b; i; j � 1;…;n; �6�
whereV is determined by (2). The corresponding boundary
on the planeb;a

ÿ �
is the right angle with the vertexC �

maxj uV 2 vj
Au;maxi uV 2 vi

Bu
� �

and with arms parallel to
co-ordinate axes. Condition (6) is not sufficient because
the region of parametersb;a

ÿ �
defined by it may include

subregions, where a stable stationary state is formed for
special values of initial phases only.

Consider the boundary between the region of the no-
synchronization mode and a region of partial synchroniza-
tion. For definiteness, let it be the boundary betweenNSand
PSB. In fact, as computer experiments show, these regions
are overlapping, but the overlapping takes place in a narrow
strip whose width will be neglected in our approximation
formulas. The following formulas are derived to approxi-
mate the boundary betweenNSand some subregion ofPSB,
where strict partial synchronization takes place. It will be
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Fig. 5. Phase diagram of the system when a stable node (global synchro-
nization) co-exists with a stable limit cycle of the homotopy type (1,1)
(synchronization is absent),v0 � 25;a � 12:7;b � 2.



seen later that this boundary constitutes some part of the
boundary betweenNS andPSB. The determination of this
boundary is based on an equation that describes the time
average of the current frequency of the CO as a function of
interaction parameters. Denote this average value by

kvl � 1
T

Zt0 1 T

t0

du0

dt
t� �dt;

where the time interval t0; t0 1 T
ÿ �

is supposed to be
large enough. The averaging is based on the additional
assumption that ifn is large and l is not too small
relative to kvl, the deviation of the current frequency
of the CO from kvl under strict partial synchronization
(after some momentt0) is relatively small. This gives us
the possibility to substitutekvl for the current frequency
of the CO when deriving the average values of the current
frequencies of POs.

The assumption is based upon the results of computer
modeling of the network dynamics. An example showing
the time evolution of the current frequencies of the CO and
POs is given in Fig. 6. As computer experiments show,
under the formulated conditions the current frequencies of
the oscillators fromA vary more or less independently from
each other (this independence is lost ifl is small). Therefore,
their integral influence on the CO is averaged and changes
only a little with time. The oscillators fromB have current
frequencies, which are quite near the frequency of the CO;
hence these frequencies also change little.

Thus, we can suppose that du0=dt is approximately
constant and is equal tokvl. This assumption gives the
possibility to consider a pair interaction of each PO with
the CO independently from other POs. Then the strict
partial synchronization condition for groupB becomes

equivalent to

ukvl 2 vj
Bu # b; j � 1;…;n; �7�

ukvl 2 vi
Au . a; i � 1;…;n: �8�

In Appendix A, Eq. (15) forkvl is derived (a slightly
different approximation formula forkvl can also be found
in Kazanovich and Borisyuk, 1994). From this equation we
find kvl as a function ofa by using a continuation technique
implemented in the program LOCBIF (Khibnik et al.,
1993).

It follows from (15) that ifa increases,kvl monotonically
approachesvA and

kvl � v0 1 vB

2

fora � 0. Let ~a be the maximal value ofa for which the
inequality ukvl 2 vAu $ l 1 a holds. For ~a , (8) is fulfilled.
Under this condition the equation for the boundary between
NSandPSB follows from (7) and has the form

b � max
j

ukvl 2 vj
Bu; j � 1;…;n; �9�

where kvl is given by (15). Ifa ~a , (15) cannot be used
because partial synchronization involves oscillators of
both groupsA andB. The boundaries of the regions of strict
partial synchronization found according to the described
procedure are shown in Fig. 7 by solid curves.

Now let us describe how the boundaries of the regions of
various synchronization modes have been determined by
computer simulation. The integration of (1) has been
made according to a Runge–Kutta method with an adaptive
time step and the integration error lower than 1025. In
computations we putn� 50 and choose the initial phases
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Fig. 6. Example of time evolution of current frequencies of the CO (1) and two POs from groupsA (3) andB (2), v0 � 10;a � 4;b � 5; n� 50.



of oscillators to be randomly and uniformly distributed in
the range 0;2p� �. During simulation a track has been kept of
the phase differences between the CO and POs. The
following types of network behavior have been found in
the computer experiments:

• For all POs the phase difference between the CO and PO
is gradually stabilizing. This corresponds to global
synchronization.

• After some time the phase difference between the CO and
a PO changes in a range of the width not greater than 2p.
This corresponds to the partial synchronization of this PO
with the CO.

• The absolute value of the phase difference of the CO
and a PO is gradually increasing. This increase can

be either permanent or stepwise. In the latter case the
difference is oscillating for some time around a fixed
value, then it abruptly changes as a result of phase
slipping and oscillates around another value, which is
shifted by 2p relative to the previous one. This implies
that there is no synchronization between the CO and the
PO.

The dynamic modes were determined for fixed values of
a andb in 50 identical experiments, which only differed by
a random choice of natural frequencies and initial phases of
the oscillators. By 50 iterations, the boundaries of the
regions can be determined reproducibly with the accuracy
not less than 0.1.

Filled circles show the computed boundary of NS in
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Fig. 7. Regions of interaction parameters corresponding to various types of dynamic modes in a network with 100 POs. Analytical approximation of the
boundaries between the regions are shown by solid lines. Filled circles show the boundaries obtained by computer simulation of the network dynamics.(a)–(e)
correspond to different values of the natural frequency of the CO.



Fig. 7. The boundaries of the regionsPSA and PSB are
located inside the regionNS close to its boundary. Thus,
the regions of partial synchronization and the region of
no-synchronization mode overlap over narrow strips of
multistability. In particular, in the ‘‘narrow’’ parts ofNS
(such ‘‘narrow’’ parts can be seen in Fig. 7a,b,c) where
the regionsPSA andPSB come close to each other, the partial
synchronization of both groupsA and B as well as no-
synchronization mode can be found under the same values
of network parameters.

As can be seen from Fig. 7, forv0 # 20 the boundary
between GS and NS consists of a single pointC. If
v0 . 20, some region near the pointC simultaneously
belongs to NS and GS (Fig. 7e). This region also overlaps
with PSA andPSB. No other overlapping ofPSA, PSB and NS
has been found.

Fig. 7 shows that analytically obtained boundaries
between the regions of strict partial synchronization and
no-synchronization region are in good agreement with the
results of computer simulation of the network. For those
values of interaction parameters, which make (15) sensible,
the computer experiments show that the boundaries of the
regions of partial synchronization and strict partial synchro-
nization are identical. Relatively poor results in analytical
determination of the boundary can be seen forv0 � 25 in
the boundary ofPSA.

This inaccuracy is caused by the fact that for the given
parameter values the variance of the natural frequencies of
the oscillators fromA becomes too small when compared to
kvl, and this results in the violation of our assumption about
the independent influence of the oscillators fromA on the
CO.

5. Discussion

Our analysis of the attention model fully describes the
necessary for various types of synchronization, global or
partial, between the central oscillator and peripheral oscil-
lators if the natural frequencies of POs form two non-over-
lapping clusters. The main results are presented in Fig. 2 for
the case when each group is represented by a single oscil-
lator and in Fig. 7 for the case when the groups contain
many oscillators. The comparison of the regions of interac-
tion parameters that correspond to various types of synchro-
nization in these two figures shows that they have similar
forms. In particular, in both cases the transition fromGSto
NS is possible in one point if the natural frequency of the
CO is relatively low, and the boundary curve appears
between these regions in both cases if the natural frequency
of the CO becomes greater than a critical value (Figs. 2e and
7e).

This fact is unexpected to some extent. Forn� 1, the CO
and POs are equally ‘‘strong’’ in their mutual interaction,
but for largen the network contains a ‘‘strong’’ central
element and many ‘‘weak’’ peripheral elements. The

qualitative similarity of these two cases means that in
some sense a group of peripheral oscillators with similar
natural frequencies can be approximately considered as
one ‘‘large’’ oscillator.

The main difference between these two cases is related to
the conditions of multistability, when depending on initial
phases the network can demonstrate various types of
synchronization or its absence. In the first casen� 1� �,
the multistability appears for relatively large values of the
natural frequency of the CO in a small region of the inter-
action parameters (the regionGS1 NS in Fig. 2e). In this
region, depending on initial phases, the network will be
either in the global synchronization or in no-synchroniza-
tion mode. In the second casen! ∞� �, the multistability
takes place everywhere near the boundaries ofNSwith the
regionsGS, PSA andPSB.

To simplify mathematical analysis, we restricted our
consideration by the networks activated by two stimuli.
Therefore our network represents only a small part of the
cortex activated by these stimuli. In the above, the term
‘‘global synchronization’’ was used in a specific sense,
meaning the synchronization of the whole network but
certainly not the whole cortex or some large area in it. In
reality, there are many regions of the cortex that are simul-
taneously active owing to external or internal stimulation
and only some of these areas participate in attention focus
formation. Our results can be easily generalized for this
case. The formation of the attention focus in this situation
can be described in terms of partial synchronization. More-
over, we think that partial synchronization is the type of
brain dynamics that is most suitable for information
processing.

Another simplification was that we studied stable modes
like limit cycles or quasiperiodic oscillations though in the
brain the synchronization is not a long-lasting phenomenon.
This is a general approach in neurophysiological modeling
by dynamical systems when analytical results are to be
obtained.

Finally, let us discuss the possible implications of the
results obtained for attention modeling. Suppose that two
stimuli are inputted to the attention system. The stimuli are
represented by their features that elicit the activity of
peripheral oscillators associated with these features. We
suppose that each stimulus is represented by a group of
oscillators (groupsA and B) whose natural frequencies
form a cluster. The stimulation of the attention system
also activates a central oscillator. The natural frequency of
the CO is conditioned by the earlier evolution of the atten-
tion system and the interaction parameters between the CO
and POs are assumed to be formed in previous learning.

In terms of the model, the formation of the attention focus
is related to the synchronization between the CO and some
groups of POs. As the model shows, the focus of attention
can combine both stimuli in a complex pattern (the global
synchronization mode), or the focus can be formed by the
features of one of two competing stimuli, one of them
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representing a target and the other representing a distracting
object (the partial synchronization mode), or the stimuli can
be ignored by the attention system (the no-synchronization
mode).

The model predicts that depending on the relations
between natural frequencies of the CO and POs a distracting
stimulus can improve or deteriorate attention focusing on
the target stimulus. Suppose thatB represents a target stimu-
lus andA represents a distracting stimulus, that is the inter-
action parameters are chosen to provide the partial
synchronization ofB. If vA , v0 , vB (this case is repre-
sented by Figs. 2a and 7a), the partial synchronization ofB
can be achieved for a smaller value of the interaction para-
meter b when A is silent a � 0� � than when it is
activea . 0� �. If vA , v0 , vB (this case is represented
by Fig. 2c–e and 7c–e), there is an interval of the values of
b such that if we gradually increasea starting from 0, the
system will be in the no-synchronization mode for the low
values ofa but will get in the region of partial synchroniza-
tion with B if a becomes large enough. Thus, the presence
of A gives the possibility to use smaller values ofb to get
the partial synchronization ofB.

We think that the difference between these two cases can
be used to explain the results of psychological experiments
which revealed the significance of a cue for attention focus-
ing on a target (Posner, 1988). A typical experiment of this
kind is organized in the following way. A person is trying to
focus attention in the middle point of the visual field and
should react to target stimuli, which randomly appear in the
left or in the right part of the visual field. A target stimulus
can be preceded by a cue (a flash of light) in the left or in the
right part of the visual field. The difficulty of the task is
measured by the reaction time. It has been shown that the
reaction time is lower (greater) than in the experiments
without a cue if the cue appears in the same (in the opposite)
part of the visual field relative to the target. In terms of the
model we consider the cue as a distracting stimulus. Our
hypothesis is that different locations of the cue correspond
to different relations between natural frequencies of oscilla-
tors representing the stimuli and the central executive.
Suppose that concentration of attention in the central
portion of the visual field makes the central oscillator
natural frequency equal toV0. Suppose also that the natural
frequencies of the POs are distributed so that those activated
by a stimulus in the left part of the field have natural
frequencies lower thanV0, and those activated by a stimulus
in the right part of the visual field have natural frequencies
greater thanV0. Note that, as a result of a short time lag
between the cue and the target, there is a period of simulta-
neous activity of both groups of POs representing the cue
and the target in the cortex. Then, the presentation of the cue
in the same, or in the opposite, part of the field corresponds
to one of the above-mentioned cases when an additional
stimulus can improve attention focusing on the other stimu-
lus or make it more difficult.

Another important consequence of the result of modeling

is illustrated by Figs. 2e and 7e and states that decreasing the
interaction of the CO with the oscillators representing one of
two stimuli that form the attention focus may lead not to
focusing attention on the other stimulus but to complete
destruction of the attention focus. In this case the boundary
betweenGS and NS has such a form that the transition
between these regions can be realized by changing only
one of the interaction parametersa or b .

The dependence of the dynamics of the model on initial
conditions that is found for some parameter values can be
interpreted as the possibility of a spontaneous shift of the
focus of attention. Such abrupt change of dynamics can be
achieved in the model if we presume that the spontaneous
shift of attention is caused by an internal signal or noise that
change the relations between the current phases. Then, as
the analysis of the model shows, a spontaneous shift of
attention from one stimulus to another can be realized if
only each stimulus is represented by the activity of not
one but many oscillators.

The results obtained for attention modeling are of quali-
tative nature. The network of phase oscillators is suitable for
modeling how the attention focus is formed or changed but
it is too simple to model reaction times. The latter modeling
can be made basing on the same ideas (that is the idea of a
central element as a source of synchronization and the idea
of partial synchronization as the criterion of attention focus
formation), yet more sophisticated network elements and
network architecture should be used to include into analysis
the amplitude patterns of neural activity. An improved
model can be built using special organization of amplitude
information exchange between synchronized and not
synchronized areas. The model should also combine atten-
tion focusing with short-term memory. This will be the
subject of our further research.
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Appendix A. Average frequency of the central oscillator

We present the derivation of the equation for the average
frequency kvl of the CO in the mode of strict partial
synchronization with the oscillators of groupB. It is
assumed that the current frequency of the CO does not
deviate much fromkvl and can be approximately changed
for it. We suppose thatkvl satisfies Eqs. (7), (8). Moreover,
our consideration is restricted by the case whenkvl is out of
the range �vA 2 l;vA 1 l� which guarantee that (8) is
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fulfilled for any sample of natural frequencies of the oscil-
lators inA. Let

kvl 2 vi
A . a; i � 1;…;n

(the case�vi
A 2 kvl� . a; i � l;…;n, is considered in a

similar way). By (7), the oscillators ofB are running
synchronously with the CO at the frequencykvl, hence

k
duj

B

dt
l � kvl; j � 1;…;n: �10�

Consider an oscillator from groupA (with the numberi)
and putf � u0 2 ui

A. Then it follows from (1b) that

df
dt
� kvl 2 vi

A 2 a sinf: �11�

Integrating (11) we find that the derivative of the solution of
(11) df=dt is a periodic function of time and that its average
value (over the period) is1

k
df
dt

l � kvl 2 vi
A

� � ��������������������
1 2

a2

kvl 2 vi
A

ÿ �s
�

���������������������
kvl 2 vi

A

ÿ �22a2
q

�12�
(in the last equality of (12) we took into account that
�kvl 2 vi

A� . 0). It follows from (12) that

k
dui

A

dt
l � kvl 2

���������������������
kvl 2 vi

A

ÿ �22a2
q

: �13�

Using (1b) and (1c), (1a) can be written as

du0

dt
v0 2

1
n

Xn
i�1

dui
A

dt
2 vi

A

 !
2

1
n

Xn
j�1

duj
B

dt
2 vj

B

 !
:

Substituting into this expression the results of (10) and (13),
we obtain forkvl the equation

kvl � v0 2
1
n

Xn
i�1

kvl 2 vi
A 2

���������������������
kvl 2 vi

A

ÿ �22a2
q� �

2
1
n

Xn
j�1

kvl 2 vi
A

� �
: �14�

Owing to largen, �1=n�Pn
i�1 v

i
A and �1=n�Pn

j�1 v
j
B can be

changed forvA andvB, respectively. Then (14) takes the
form

3kvl � h kvl;a
ÿ �

1 v0 1 vA 1 vB; �15�
where

h kvl;a
ÿ � � 1

n

Xn
i�1

���������������������
kvl 2 vi

A

ÿ �22a2
q

:

Again taking into account thatn is large, the function
h�kvl;a� can be evaluated as the expectation of the random

variable
���������������������
kvl 2 vi

A

ÿ �22a2
q

. The result is

h kvl;a
ÿ � � g kvl 2 vA 1 l

ÿ �
2 g kvl 2 vA 2 l

ÿ �
;

where

g x� � � 1
4l

x
����������
x2 2 a2

p
2 a2ln x 1

����������
x2 2 a2

p� �h i
:
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