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ABSTRACT: Recent experimental observations have disclosed the exis-
tence of a septal-hippocampal feedback circuit, composed of medial septum
diagonal band of Broca (ms-dbB) GABAergic projections to the inhibitory
interneurons of the hippocampus, and hippocampal GABAergic projections
to the ms-dbB, the major targets of which are the GABAergic septo-hip-
pocampal projection cells. We propose that this feedback circuit provides the
mechanism for the rhythmic suppression of interneuronal activity in the
hippocampus, which is observed as low-level GABAergic-mediated theta
activity. We also propose that this circuit may be the mechanism by which
ascending brain stem pathways to the ms-dbB, in particular from the reticular
formation, can influence hippocampal information processing in response to
particular behavioral states, by exercising control over the level and fre-
quency of theta activity in the hippocampus. In support of these proposals,
we describe a minimal computational model of the feedback circuit which
uses a set of four coupled differential equations describing the average
dynamic activity of the populations of excitatory and inhibitory cells involved
in the circuit. We demonstrate through simulations the inherently robust
4–6-Hz oscillatory dynamics of the circuit, and show that manipulation of
internal connection strengths and external modulatory influences on this
circuit changes the dynamics in a way which closely mimics corresponding
manipulations in recent neurophysiological experiments investigating theta
activity. Hippocampus 2000;10:698–716. © 2000 Wiley-Liss, Inc.
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INTRODUCTION

Oscillatory extracellular field activity in the theta frequency range (5–12 Hz in
rodents) has been proposed as playing a fundamental role in information pro-
cessing in the hippocampus, and hippocampal theta rhythm has been recog-
nized for many years (e.g., Green and Arduini, 1954) as being strongly correlated
with specific behavioral activities, e.g., arousal, attention, exploration, and vol-

untary movements. The role of theta during these activities
may well be one of facilitating the effect of appropriately
timed inputs (Buzsaki and Chrobak, 1995). Freund and
Gulyas (1997) suggest that oscillatory suppression of inhib-
itory interneuronal activity allows the precise timing and
synchronization of inhibitory postsynaptic potentials arriv-
ing at hippocampal pyramidal cells. Csicsvari et al. (1999)
also proposed that oscillating inhibitory networks may pro-
vide temporal windows for single cells to suppress or facili-
tate their synaptic inputs in a coordinated manner.

This relates very closely to our current view of a major
role and function of the hippocampus as a monitor of the
stability/regularity of the animal’s environment, as the
animal senses the environment during exploration (Den-
ham and McCabe, 1996; Borisyuk et al., 1999), and in
particular to the mechanisms of predictive, contextual
learning and recall which we proposed in support of this
theory (Denham and McCabe, 1996). These mecha-
nisms require the selective and rhythmical removal and
application of inhibition in the areas of the apical den-
drites of pyramidal cells where perforant path afferents,
and specific excitatory inputs from other hippocampal
fields, form synapses. This would have the effect of mod-
ifying the ability of these inputs both to selectively change
the efficacy of these synapses and to initiate action poten-
tials in the postsynaptic pyramidal cell, as also suggested
by Freund and Gulyas (1997).

Others have also implicated the septo-hippocampal
interaction as an important mechanism in the control of
learning and recall processes in the hippocampus. In par-
ticular, Hasselmo and Schnell (1994) and Hasselmo et al.
(1995) proposed, based on experimental evidence, that
laminar-specific cholinergic modulation by medial septal
projections to regions CA1 and CA3 can control both
heteroassociative and autoassociative learning mecha-
nisms, respectively, in these regions.

A number of proposals have been made in recent years
for the mechanism for the production of theta activity
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(reviewed in Vertes and Kocsis, 1997; Vinogradova, 1995). In
particular it has been proposed that the ms-dbB is the sole source of
theta, the so-called “septal pacemaker” hypothesis (Vinogradova,
1995). This conclusion is based mainly on the observation that
disconnection of hippocampus from the ms-dbB abolishes hip-
pocampal theta activity, and on the identification of some cells in
the ms-dbB as putative endogenous bursting pacemaker cells.

In this paper we describe a septal-hippocampal feedback circuit,
based primarily on the anatomical findings of Toth et al. (1993),
between the nonpyramidal GABAergic calbindin (CB)-containing
hippocampo-septal projection cells in CA1, the GABAergic septo-
hippocampal projection cells in the medial septum-diagonal band
of Broca (ms-dbB), and their nonpyramidal CB-containing target
cells in CA1 of the hippocampus. We propose that this feedback
circuit provides a mechanism to the septal pacemaker for the rhyth-
mic suppression of interneuronal activity in the hippocampus
which is observed as low-level, GABAergic-mediated theta activity
(Vertes and Kocsis, 1997), also sometimes referred to as an atro-
pine-resistant theta activity (Stewart and Fox, 1989a,b). We see the
septal-hippocampal feedback circuit both as an alternative to the
septal pacemaker hypothesis for the production of this form of
theta activity, and as complementary to it, in that our proposal
does not contradict the pacemaker hypothesis. Indeed it may rein-
force it, insofar as the feedback circuit may provide a synchronizing
mechanism for the endogenously rhythmic pacemaker cells in
ms-dbB.

We also propose that the hippocampal-septal feedback circuit
may be the mechanism by which ascending brain stem pathways to
the ms-dbB, in particular from the reticular formation, can influ-
ence hippocampal information processing in response to particular
behavioral states, by exercising control over the level and frequency
of theta activity in the hippocampus, and therefore in particular the
timing of inhibition of hippocampal pyramidal cells (Vino-
gradova, 1995; Vertes and Kocsis, 1997; Kirk, 1998).

To support our proposals, we developed a coarse-grained com-
putational model of the feedback circuit, which uses a set of cou-
pled differential equations of the Wilson-Cowan form (Wilson
and Cowan, 1972) to describe the average activity of the popula-
tions of excitatory and inhibitory cells involved in the circuit. We
use the specific electrophysiological characteristics of the hip-
pocampal inhibitory cell populations in the circuit, as distin-
guished by their staining properties and thus identified as belong-
ing to the class of CB-containing cells, to set the time constants
associated with the dynamics of these populations. Similarly, we set
the time constant of the septo-hippocampal projection cell popu-
lation to be consistent with their identification as belonging to the
class of parvalbumin (PV)-containing inhibitory cells. We then
investigated the dynamic behavior of the circuit, using the mathe-
matical technique of bifurcation analysis, and show that a stable
oscillatory regime exists for a wide range of parameters of the
system. We also find that the natural frequency of this oscillation is
in the theta range (approximately 6 Hz) and that it stays almost
constant under variation of the circuit parameters. On this basis we
postulate that 1) this robust oscillation represents the theta
rhythm, and 2) that the almost constant frequency of the oscilla-
tion is consistent with the hypothesis that variations in theta fre-

quency are due primarily to external modulatory influences from
brain stem afferents rather than internal septal-hippocampal
mechanisms (Kirk, 1998).

We also investigated the effects of internal connection strengths
and external modulatory influences on the oscillatory regime dis-
played by the circuit. We show the similarity of the results of these
simulations to corresponding neurophysiological experimental re-
sults describing the effects of various lesions on the amplitude and
frequency of the theta rhythm.

ANATOMICAL EVIDENCE FOR THE
EXISTENCE OF THE FEEDBACK CIRCUIT

It is known that GABAergic afferents from the ms-dbB inner-
vate most of the GABAergic interneurons in the hippocampus.
These relatively sparse afferents can therefore have a powerful dis-
inhibitory control over the activity of the pyramidal cells (Freund
and Antal, 1988; Freund and Gulyas, 1997). In their anterograde
Phaseolus vulgaris leucogglutinin (PHAL) labeling studies, Freund
and Antal (1988) found that both CB-containing and parvalbu-
min (PV)-containing hippocampal nonpyramidal cells were inner-
vated by the septo-hippocampal projections, predominantly in
strata oriens and radiatum of CA1 and CA3, and in the hilus and
granule-cell layer of the dentate gyrus. In some sections of CA3, as
many as 84% of such cells were so innervated, whereas contacts
with cells in the CA1 region and in the molecular layer of the
dentate gyrus were less frequent. Only very few contacts were made
in the stratum lacunosum moleculare of CA1 and CA3.

Alonso and Kohler (1982) showed the existence of hippocampal
projections to the ms-dbB, and demonstrated that these projec-
tions came almost exclusively from cells in the stratum oriens of the
CA1–CA3 regions. These cells appeared to be nonpyramidal on
the basis of their laminar distribution. More recently, Gaykema et
al. (1991) described the topography of this projection, and Toth
and Freund (1992) confirmed its GABAergic nature, together with
strong immunostaining of the hippocampal cells for CB. The ex-
perimental evidence of Toth and Freund (1992) showed that, fol-
lowing HRP injections into the medial septum, the majority of
retrogradely labeled cells in the hippocampus were nonpyramidal,
located mainly in the stratum oriens/alveus border of the CA1–
CA3 regions, and that 80% of these cells were found to be immu-
noreactive for calbindin D28K. The remaining 20% were found to
be neuropeptide Y (NPY)-immunoreactive cells. Only one PV-
containing cell was labeled, in the stratum oriens of CA1.

More recently, Toth et al. (1993), by injection of PHAL mainly
into the strata pyramidale and oriens of the CA1 region, found
PHAL-labeled axons in both the lateral septum and ms-dbB com-
plex. Labeled axons in the lateral septum are known to originate
from hippocampal pyramidal cells (Leranth and Frotscher, 1989),
whereas most of the labeled hippocampal boutons in the ms-dbB
complex were immunoreactive for GABA, indicating that the ori-
gin of these hippocampo-septal projections were GABAergic cells.
Recently, Blasco-Ibanez and Freund (1995) showed that the vast
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majority of presumed excitatory synapses on the hippocampo-sep-
tal projection cells originate from local collaterals of CA1 pyrami-
dal cells, while only a negligible number of synapses were thought
to originate from CA3 pyramidal cells. It is therefore likely that the
cells receive a highly convergent excitatory input from the local
collaterals of CA1 pyramidal cells.

To further examine the target cells of the projections, Toth et al.
(1993) combined PHAL tracing with immunostaining for PV and
choline acetyltransferase (ChAT). Both ChAT-positive cells and
PV-containing cells were found in large numbers throughout the
medial septum, and both cell types were among the targets of the
hippocampo-septal projections in the ms-dbB. However, most of
the projections formed multiple contacts with the cell bodies and
dendrites of PV-containing cells, and only occasionally with
ChAT-positive cells.

It also appears that the CB-containing nonpyramidal hip-
pocampo-septal projection cells in CA1 have completely different
electrophysiological characteristics from spontaneously active and
fast-firing PV-containing inhibitory interneurons: they are diffi-
cult to activate by afferent stimulation, have low or no spontaneous
activity, and have broad action potentials (Kawaguchi and Hama,
1988). They are thus likely to show low firing rates during theta
activity and to discharge synchronously with pyramidal cells dur-
ing sharp wave activity, leading to their possible misclassification as
pyramidal cells in extracellular recording experiments (Toth et al.,
1993).

Finally, the combination of anterograde PHAL labeling of the
targets of hippocampo-septal projections with retrograde horserad-
ish peroxidase (HRP) labeling showed that many septo-hippocam-
pal projection cells in the ms-dbB were the direct targets of hip-
pocampo-septal projections. This provides strong evidence for a
direct septal-hippocampal feedback pathway between nonpyrami-
dal, CB-containing (Toth and Freund, 1992) GABAergic cells in
the hippocampus, and PV-containing GABAergic cells in ms-dbB.

The anatomical evidence described above suggests the septal-
hippocampal feedback circuit shown in Figure 1. This circuit is a
modified version of that described by Toth et al. (1993). The
modification we have introduced is that we show the main septo-
hippocampal projections terminating on the population of CB-
containing inhibitory cells in CA1, which act as feedforward in-
hibitory interneurons on CA1 pyramidal cells, rather than on the
same population of CB-containing inhibitory cells in CA1 which
project to the ms-dbB, as shown in Figure 8 of Toth et al. (1993).
This is based on the results of Gulyas et al. (1990), Miettinin and
Freund (1992), and Freund and Gulyas (1997), which indicate
that the CB-containing CA1 GABAergic interneurons are among
the major targets of the GABAergic septo-hippocampal projection.
These target cells are driven by an excitatory input derived from the
Schaffer collaterals, the excitatory projections from CA3 pyramidal
cells to CA1 pyramidal cells. This is based on evidence from Halasy
et al. (1996) and Buhl et al. (1994, 1996) that the CB-containing
bistratified interneurons in CA1 are activated by Schaffer collater-
al/commissural axons in such a feedforward manner, and synapse
primarily on the CA1 pyramidal cells (Sik et al., 1995; Gulyas and
Freund, 1996).

This circuit has two exogenous excitatory inputs: PCA3, the in-
put activity of the CA3 pyramidal cells, via the Schaffer collaterals;
and PS, an external input to the medial septal PV-containing
GABAergic cells, which later we identify with the projections from
the posterior hypothalamus (PH) and supramammillary nucleus
(SUM) to the ms-dbB. The first of these excitatory inputs provides
activation of both the excitatory pyramidal-cell population in CA1
and the inhibitory interneuron cell population in CA1. The second
excitatory input activates the inhibitory nonpyramidal GABAergic
projection cells in ms-dbB.

MATERIALS AND METHODS

The Computer Model

We have modeled the feedback circuit as a set of coupled pop-
ulations of excitatory and inhibitory cells. The average activity of
each population is described by a differential equation of the Wil-
son-Cowan type (Wilson and Cowan, 1972). The model equa-
tions are given by:

tECA1

dECA1

dt
5 2ECA1~t! 1 ~ke 2 ECA1~t!!

z Ze~2wECA14 ICA1IICA1I~t! 1 PCA3~t!! (1)

tICA1P

dICA1P

dt
5 2ICA1P~t! 1 ~ki 2 ICA1P~t!!

z Zi~wICA1P4 ECA1EECA1~t!! (2)

FIGURE 1. Proposed hippocampal-septal inhibitory feedback
circuit. P, a pyramidal cell; NP, a nonpyramidal cell; CB, a calbindin-
containing cell; PV, a parvalbumin-containing cell; solid circle, an
inhibitory connection; open circle, an excitatory connection.
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tICA1I

dICA1I

dt
5 2ICA1I~t! 1 ~ki 2 ICA1I~t!!

z Zi~2wICA1I4 ISIS~t! 1 PCA3~t!! (3)

tISEPT

dIS

dt
5 2IS~t! 1 ~ki 2 IS~t!!

z Zi~2wIS4 ICA1PICA1P~t! 1 PS~t!! (4)

where ECA1(t) is the average activity of the CA1 pyramidal cell
population (i.e., the fraction of cells which are active within a small
period of time centred on t) , ICA1P (t) is the average activity of the
CA1 CB-containing hippocampo-septal projection cell popula-
tion, ICA1I (t) is the average activity of the CA1 CB-containing
interneuron cell population (note the use of P and I respectively in
the subscript notation to distinguish between these two inhibitory
population variables) , and IS(t) is the average activity of the ms-
dbB PV-containing septo-hippocampal projection cell population.
The strength of the connection from the population Y to the
population X is described by the value of wX4 Y , and is determined
by the product of the average number of contacts per cell and the
average postsynaptic current induced in the postsynaptic cell from
one presynaptic action potential. PCA3(t) is the excitatory activity
of the CA3 pyramidal cells, which acts as input to both the CA1
pyramidal cell population and the CA1 CB-containing interneu-
ron cell population. PS(t) is the excitatory input to the ms-dbB
nonpyramidal GABAergic cell population from the PH and SUM.

The Zp(x) functions, called the response functions, are the pro-
portions of cells firing in a given excitatory (p 5 e) or inhibitory
(p 5 i) population for a given level of input activity x. They are
represented by monotonically increasing sigmoid type functions,
defined by

Zp~x! 5 1/~1 1 exp(2bp~x 2 up!!) 2 1/~1 1 exp~bpup!!,

p [ $e,i%,

where bp and up are constants. The derivation of this function,
with regard to the distribution of firing thresholds in the cell pop-
ulation, or alternatively the distribution the number of afferent
synapses per cell, is described in (Wilson and Cowan, 1972). Fi-
nally, kp 5 1/Zp (`).

Choice of the Time-Related Parameters in
the Model

Each t parameter in Equations (1)–(4) represents the time con-
stant of the change per unit of time in the proportion of nonre-
fractory cells in a population which are firing subsequent to receiv-
ing subthreshold excitation, in the case of excitatory inputs. In the
case of inhibitory inputs, it represents the time constant of the
change per unit of time in the proportion of active cells in a pop-
ulation which stop firing in response to receiving subthreshold
inhibition. The value of t in the Wilson-Cowan population model
is usually assumed to be comparable with the membrane time
constants of the cells in the population (e.g., Tsodyks et al., 1997).
The range chosen is normally 10–20 ms. However, both the CB-
containing hippocampo-septal projections cells in CA1 and the

CB-containing interneuron target cells of the septo-hippocampal
projections in CA1 fall into the general class of bistratified hip-
pocampal GABAergic cells, and Buhl et al. (1996) reported that
the membrane time constant for this class of cells in CA1 is in the
range 18.6 6 8.1 ms, approximately twice as long as the PV-
containing basket-cell class of inhibitory hippocampal interneu-
rons. We have therefore set the values of t I CA1P and t I CA1I, i.e.,
the time constants for the two CB-containing inhibitory popula-
tions in CA1, somewhat higher than usual, to 30 ms.

This choice of 30 ms for t I CA1I in particular, i.e., for the time
constant of the CB-containing inhibitory interneuron population
in CA1, is further supported by the experiments of Toth et al.
(1997) on the disinhibition of hippocampal pyramidal cells by
GABAergic afferents from the septum. They found that CA3 py-
ramidal cells discharged in response to stimulation of the septo-
hippocampal fibres (via the septal disinhibition process) with la-
tencies between 20–80 ms. Here we assume that similar results
would be obtained for disinhibition of CA1 cells by septal stimu-
lation. Thus it seems reasonable to assume a latency of 30 ms for
the first stage of this process, i.e., septal inhibition of the inhibitory
interneuron population in CA1, and thus for the time constant
t I CA1I, and a latency of 30 ms, as discussed below, for the second
stage, i.e., inhibition or disinhibition of the CA1 pyramidal cells.
This gives a total latency of 60 ms, well within the range observed
by Toth et al. (1997). The use of a latency measurement to provide
the time constant in the Wilson-Cowan population model is ap-
propriate, since the time constant t in this model is derived in fact
from a first-order approximation to a time delay. That is, if E(t 1
t) is the proportion of cells in the population which are not refrac-
tory and which receive at least threshold excitation at time t, the
approximation used in the coarse-grained simulation of the model
equations is given by

E~t 1 t! < E 1 t dE/dt

i.e., the first-order Taylor series approximation, which yields a
first-order differential equation (Wilson and Cowan, 1972).

In the case of the inhibition of the CA1 excitatory population by
the CB-containing bistratified interneurons in CA1, the fact that
these cells innervate the dendrites of CA1 pyramidal cells, with
only a very small number of synapses, if any, on the soma (Halasy
et al., 1996), would suggest a slow inhibitory effect of these inter-
neurons on pyramidal cell firing, due to the relatively slow
GABA-A receptor decay kinetics (Banks and Pearce, 2000; Banks
et al., 1998) observed for such dendritic synapses (decay time con-
stant of 40–50 ms). Alternatively, if we interpret tECA1 as related
to the average time delay before the pyramidal cells start firing
again subsequent to the termination of a period of inhibition, then
there is evidence that this time delay can be 20–30 ms if the
inhibition is elicited by short duration IPSPs, or 50–100 ms for
inhibition elicited by the longest duration IPSPs (Thomson et al.,
1996). A value of 30 ms for tECA1 would not therefore seem un-
reasonable, and perhaps even slightly low. We recognize, however,
that this time constant also reflects the rate of activation of the CA1
pyramidal cell population by the excitatory input from CA3 (PCA3)
in Equation (1), and it is impossible to separate this from the time
constant of inhibition, or inactivation, as discussed above, within
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the Wilson-Cowan form of population activity equation. Thus a
compromise value for tECA1 must be selected for the population
activity equation, which also takes this faster time constant into
account.

Finally, in the absence of any specific knowledge about the tim-
ing characteristics of the inhibition of the ms-dbB PV-containing
inhibitory population by the CA1 projection cell population, we
have set the value of tISEPT also to 30 ms. We have also selected a
uniform set of 30-ms values for all time constants in Equations
(1)–(4) in order to simplify the model and aid in the understanding
of the bifurcation analysis and simulations which we carried out.
Using these values, simulations of the circuit model demonstrate a
robust oscillation at about 6 Hz (Fig. 2).

However, an alternative, substantially different, setting for the
value of the tCA1P parameter is suggested by the recent experimen-

tal observations of Ali et al. (1998). Using dual intracellular record-
ings in hippocampal slices, they studied the excitatory postsynaptic
potentials (EPSPs) elicited in basket and bistratified interneurons
in CA1 by action potentials activated in simultaneously recorded
CA1 pyramidal cells. In particular they observed a class of so-called
regular spiking (RS) cells, including bistratified cells, which were
difficult to distinguish, on the basis of their firing properties, from
pyramidal cells. Toth et al. (1993) also noted that the CB-contain-
ing hippocampo-septal projection cells in CA1 were, in extracellu-
lar recordings, capable of misclassification as pyramidal cells. Ali et
al. (1998) found that the RS class included cells which displayed a
significant late-firing behavior, in that the firing of the action po-
tential occurred around 260 ms after the onset of the presynaptic
excitation. If we were to hypothesize that the CB-containing hip-
pocampo-septal projection neurons in CA1, which are activated by
CA1 pyramidal cells, were of this late-firing variety, this would
imply a value for tICA1I for this population (in Equation (2)) of
around 250 ms, again, as above, using the fact that the time con-
stant in the Wilson-Cowan model is actually a first-order approx-
imation to a time delay.

Using this value of tICA1I, together with values of 30 ms for the
other time constants in Equations (1)–(4), and a higher level of
external excitation of the ms-dbB population, simulations of the
model show a robust oscillation of about 4 Hz (Fig. 3).

Thus for two quite different, but physiologically reasonable,
values of the time constant of the CA1 projection cell population,
tICA1P, and physiologically justifiable values for the other popula-
tion time constants in the model Equations (1)–(4), we obtain a
robust frequency of oscillation of the model which is representative
of the lower range of theta. The other parameter values used in the
simulation experiments with the model, which were chosen to be
within the oscillatory regime of the model, as determined by a
bifurcation analysis (see Results) are listed in Table 1, although, as
the latter analysis reveals, the range of parameters for oscillatory
operation of the circuit is very large, and the frequency of oscilla-
tion remains almost constant over the entire range.

RESULTS

Analysis of the model by simulation experiments shows that
there exists a wide range of parameters values for the interconnec-
tion strengths wX4 Y between the populations, for which the
circuit displays oscillatory behavior with a natural frequency in the
lower end of the theta range (either 4 or 6 Hz). In particular, from

FIGURE 3. Simulation of the model Equations (1)–(4) for the
following values of the t parameters: tECA1 5 tICA1I 5 tISEPT 5 30 ms,
tICA1P 5 250 ms. Other parameter values as in Table 1.

FIGURE 2. Simulation of the model Equations (1)–(4) for the
following values of the t parameters: tECA1 5 tICA1P 5 tICA1I 5 tISEPT

5 30 ms and PS 5 5. Other parameter values as in Table 1.

TABLE 1.

Parameter Values Used in the Bifurcation Analysis of the
Model Equations (1)–(4)

Parameter wECA14 ICA1I wICR1P4 ECA1 wICR1I4 IS wIS4 ICA1P PCA3 PS

Value 5 16 8 30 5 4
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a bifurcation analysis of the nonlinear dynamic system described
by Equations (1)–(4), we found that nonlinear oscillations (limit
cycle) can arise only through an Andronov-Hopf bifurcation,
when the stable equilibrium point loses stability and a small limit
cycle appears near this point, representing the oscillatory behavior
of the variables of Equations (1)–(4). This limit cycle behavior is
illustrated in the simulation of the model equations shown in phase
space diagram form in Figure 4.

The bifurcation analysis was carried out using two active param-
eters (keeping all other parameters fixed at the “baseline” values in
Table 1); the results of this analysis, for the two alternative settings
of the t parameters of the model, as described above, are illustrated
in Figures 5 and 6. Figure 5a,b shows the bifurcation curves for
pairings of the values of each connection strength parameter
wY4 X with the value of the external input PS to the ms-dbB
inhibitory population, for the two choices of the t parameters in
the equations, as described above. Figure 6a,b shows the bifurca-
tion curves for pairings of the values of each connection strength
parameter wY4 X with all other connection strength parameters,
for the two choices of the t parameters. The external input PS

parameter was selected in particular for analysis, with regard to the
neurophysiological experimental results which we describe in the
Discussion.

In each case the curve shown corresponds to a supercritical
Andronov-Hopf bifurcation. This curve separates the regions of
stable equilibrium and unstable equilibrium. In the latter region, a
stable limit cycle exists for each pair of parameter values. We have
also shown through extensive simulation experiments that within
this region there exist no further bifurcations of the limit cycle.
Thus the limit cycle which appears on entry to this region remains
stable and only disappears on exit from the region through the
bifurcation curve. An important feature of the Andronov-Hopf
bifurcation is that near the bifurcation point, the amplitude of the
oscillation, i.e., the size of the limit cycle, is small and grows

quickly from zero as the square root of the distance in parameter
space from the bifurcation point. Figures 5 and 6 also demonstrate
that the limit cycle behavior of the circuit exists for a very wide
range of the parameters of the model.

In the region of stable equilibrium, i.e., at all points outside of
the region in which the stable limit cycle exists, the system remains
constant at a steady background, or baseline, level of activity. In

FIGURE 5. a: Bifurcation diagrams with respect to the value of
the external excitatory input PS to the ms-dbB, in the model Equa-
tions (1)–(4), for the following values of the t parameters:
tECA1 5 tICA1P 5 tICA1I 5 tISEPT 5 30 ms. Other parameter values as in
Table 1. b: Bifurcation diagrams with respect to the value of the
external excitatory input PS to the ms-dbB, in the model Equations
(1)–(4), for the following values of the t parameters: tECA1 5 tICA1I 5
tISEPT 5 250 ms. Other parameter values as in Table 1.

FIGURE 4. Phase space diagrams showing the limit cycle behav-
ior of the septal-hippocampal feedback circuit model (Equations (1)–
(4)), for the following values of the t parameters: tECA1 5 tICA1P 5
tICA1I 5 tISEPT 5 30 ms and PS 5 5. Other parameter values as in
Table 1 .
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FIGURE 6. a: Bifurcation diagrams for connection parameters in
the model Equations (1)–(4), for the following values of the t param-
eters: tECA1 5 tICA1P 5 tICA1I 5 tISEPT 5 30 ms. Other parameter val-
ues as in Table 1. b: Bifurcation diagrams for connection parameters

in the model Equations (1)–(4), for the following values of the t
parameters: tECA1 5 tICA1I 5 tISEPT 5 30 ms; tICA1P 5 250 ms. Other.
Other parameter values as in Table 1.
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FIGURE 6. (Continued)
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general this activity will be nonzero, except in the case where one or
more of the parameters of the model are set to zero. Even where the
bifurcation curves show an upper limit to the region of stable limit
cycle behavior for a given parameter, the stable equilibrium con-
dition still holds in the region where the parameter value exceeds
this, e.g., in Figure 6a, at the point (90, 80) on the graph of the
bifurcation curve for the parameter pair wIS4 ICA1P vs. wICA1I4 IS .

It is interesting to note that the imaginary part of the complex
eigenvalues of the model equations along the Andronov-Hopf bi-
furcation curve is almost constant. This means that the frequency
of the limit cycle which arises from the Andronov-Hopf bifurca-
tion does not change significantly, having an almost constant value
of approximately 4 or 6 Hz, depending on the choice of t param-
eters. Also, we calculated the frequency for several parameter values
inside the region where the limit cycle exists, and have found that
the frequency in this region, and thus over a remarkably and un-
usually wide range of model parameters, is also almost constant at
about 4 or 6 Hz.

In summary, using the methods described in Borisyuk and Kiril-
lov (1992), and briefly in the Appendix to this paper, bifurcation
analysis of the model described by Equations (1)–(4) shows that
the inhibitory feedback circuit can reliably display an almost con-
stant frequency limit cycle oscillation, at the lower end of the theta
range, for a wide range of parameter values. For all parameters
outside of this range, the circuit displays a steady background level
of activity.

Ability of the Model to Replicate the Effects of
Physiological Experiments

In further support of the proposal that the oscillatory behavior
of the model is the analogue of the hippocampal theta rhythm, and
thus the hypothesis that the septal-hippocampal feedback circuit is
a mechanism for the production of GABA-mediated theta activity,
we now describe a number of experimental results which have been
obtained in recent years, involving various manipulations of the
septal-hippocampal system and its ascending pathways from brain-
stem regions, in particular the reticular formation. We show that
functionally equivalent manipulations of the model (Equations
(1)–(4)) of the septal-hippocampal feedback circuit result in
changes in oscillatory behavior of the model which closely mimic
those changes, in particular in the amplitude and frequency of
hippocampal theta, which have been experimentally observed.

Intraseptal Infusion of Muscimol

Bland et al. (1996) showed that microinfusion of the GABA-A
agonist muscimol into the medial septum/vertical limb of the di-
agonal band of Broca of urethane-anesthetized rats resulted in a
progressive reduction in the amplitude of theta field activity, and
finally its total loss. However, importantly, the frequency of theta
field activity remained unaffected throughout the period up to
disappearance of theta. Bland et al. (1996) suggested that the de-
crease in theta field activity and cell discharge rates which they
observed could be mediated by the GABAergic septo-hippocampal
projection.

The principal GABA receptors in the ms-dbB are GABA-A/
BDZ receptors. Agonist-induced activation of this receptor, e.g.,
through injection of muscimol, either hyperpolarizes the postsyn-
aptic membrane or reduces the level of an existing depolarisation
(Walsh et al., 1993). In our model, we propose that the functional
equivalent of this experiment is to reduce the magnitude of the
external excitatory input PS from the ascending brain-stem path-
ways to the nonpyramidal PV-containing GABAergic cell popula-
tion in the ms-dbB. The effects of this, as predicted by the bifur-
cation analysis (Figs. 5, 6), are: 1) while the value of PS remains in
the region of oscillatory behavior, a reduction in the amplitude of
the oscillations of the circuit as this value approaches the bifurca-
tion curve, but with no change in frequency; and 2) an eventual
disappearance of the oscillations as the value of PS reaches and
passes through the bifurcation curve. This effect is confirmed by
the simulations shown in Figure 7, which show a reduction in
amplitude, but no change in frequency, of the oscillations observed
as a result of reducing the value of PS by about 10%.

Modulation of Theta by Brain Stem Inputs
to ms-dbB

It is well-known that afferents to the ms-dbB from the brain
stem are of critical importance in determining the frequency of
theta (Vinogradova, 1995; Vertes and Kocsis, 1997; Kirk, 1998),
in particular the brain-stem-synchronizing pathway originating in
the pons region and ascending to the medial septum via the mid-
line posterior hypothalamic region (Bland et al., 1994). Theta
activity has been shown to be evoked by stimulation of the reticular
formation (RF) and its ascending pathways in the hypothalamus,
which reproduces the normal physiologically observed increase in
activity of RF neurons during hippocampal theta states, i.e.,
arousal by sensory stimuli, exploratory activity, and REM sleep. A
gradual increase in the intensity of stimulation causes a corre-
sponding linear increase in the frequency of theta (up to 9–10 Hz)
and increases the synchrony of theta bursts (Vinogradova, 1995).

During theta, tonically firing cells of the nucleus reticularis pon-
tis oralis (RPO) of RF activate cells of the SUM, which converts
this steady barrage into a rhythmical pattern of discharge which is
then relayed to the GABAergic and cholinergic cells of the ms-dbB
(Vertes and Kocsis, 1997). These SUM afferents to ms-dbB form
synapses which are most likely to be excitatory, with both the
PV-containing GABAergic cells and the cholinergic cells (Borhegyi
et al., 1998). SUM cells fire rhythmically phase-locked to the con-
current hippocampal theta, and it has been suggested that they may
participate in its modulation by mediating the frequency compo-
nent of reticularly elicited theta activity (Borhegyi et al., 1998). It
is also the case that this rhythmic response of the SUM to RPO
stimulation was not abolished when theta activity in the hip-
pocampus was eliminated by procaine injection into the septum
(Kirk et al., 1996), thus indicating that the rhythmic discharge of
SUM cells during hippocampal theta is independent of theta ac-
tivity in the septal-hippocampal system.

It has also been observed that transection of the brainstem affer-
ent connections have different effects at different levels of the tran-
section. At rostropontine, midcollicular, and precollicular levels,
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disconnection of the septum from brain-stem structures caudal to
the SUM results in a low-frequency (3.5–4.0 Hz), nearly contin-
uous theta. Only transection at the level of the posterior hypothal-
amus results in the total elimination of hippocampal theta (re-
viewed by Vinogradova, 1995; Vertes and Kocsis, 1997).

The suggestion has therefore been made that the frequency of
theta rhythm is encoded and primarily determined in the SUM,
and not in the septum, as part of an ascending system for modu-
lating theta, with the posterior hypothalamic nucleus (PH) acting
in synergy with the SUM as two relays in an ascending “theta-
synchronizing” system from the RPO to the ms-dbB (Kirk et al.,
1996). The PH, however, is more involved in the release and
amplitude modulation of theta than in determining the frequency
of theta (Kirk and McNaughton, 1993; Kirk, 1998). It appears
that theta-related PH cells discharge tonically during hippocampal
theta, whereas theta-related SUM cells discharge rhythmically and
phase-locked to concurrent hippocampal theta activity (Kirk et al.,
1996). Lesions of, or procaine injected into, the PH, abolish hip-
pocampal or septal theta activity (Bland et al., 1995), whereas
procaine infused into the SUM attenuates the amplitude (by about
60%) and frequency (from 6.5 Hz to 4 Hz) of reticularly elicited
hippocampal theta in urethane-anaesthetized (Kirk and Mc-
Naughton, 1993; Thinschmidt et al., 1995) and unanaesthetized
(McNaughton et al., 1995) rats. Lesions of the SUM do not appear
to have any affect on spontaneous or movement-related theta, as
opposed to reticularly elicited theta, in the unanaesthetized rat
(Thinschmidt et al., 1995).

We simulated the experimental observations described above by
introducing a sinusoidal component to the external input PS, to
the ms-dbB population of cells in our model, i.e., PS(t) 5 A 1
B sin(vt), A 5 15; B 5 5. This emulates the combination of a
tonic PH input and a phasic SUM input. Selecting v to be at a

higher frequency than the natural frequency of the feedback circuit
entrains the period of the circuit oscillations to that of the input
signal. This is shown in Figure 8, where the sinusoidal component
of the input PS is at a frequency of 10 Hz.

Our experience with the model is that, for a constant value, e.g.,
of 15, for A and B (mean level and amplitude) of the sinusoidal
input to the medial septum cell population, the amplitude of the
oscillatory response of the CA1 pyramidal cell population de-
creases rapidly with increasing frequency of this input signal. The
amplitude is about 70% at 12 Hz and 20% at 20 Hz, of that at 10
Hz (the frequency shown in Fig. 8). Increasing the amplitude and
mean level of the sinusoidal input from 15 to 30 makes this falloff
in CA1 pyramidal-cell oscillation amplitude even greater, the am-
plitude at 20 Hz in this case being only 5% of that at 10 Hz. Values
of A and B below ;8 fail to entrain high-frequency oscillations.

In summary, there is a narrow range of amplitudes of the sinu-
soidal input to the medial septal population in the model for which
entrainment of the oscillations of the CA1 pyramidal population
to higher frequencies is possible (;8–30 Hz) for the set of model
parameters given in Table 1, and all the time constants set at 30 ms.
The amplitude of the entrained CA1 oscillations falls off rapidly
with increasing frequency of stimulation, and this effect is in-
creased for higher-amplitude input signals.

From the model Equations (1)–(4), and from the bifurcation
curves in Figures 5 and 6, it follows that elimination of the entire
external excitatory input PS to the ms-dbB nonpyramidal popula-
tion (i.e., setting PS 5 0) will result in a total loss of the oscillatory
activity in the model, since without any form of excitatory input,
the activity IS of the ms-dbB nonpyramidal cell population, as
described by Equation (4), will decay to, and remain at, zero. This
corresponds to the experimental manipulation described above in
which the ascending pathway to the ms-dbB is transected at the
level of the SUM or PH (Vinogradova, 1995).

FIGURE 7. Simulation of the model of the septal-hippocampal
feedback circuit (Equations (1)–(4)), in which the value of the con-
stant external excitatory input PS to the ms-dbB nonpyramidal cell
population has been reduced to 4.5, compared to a value of 5 for the
simulation shown in Figure 2. Other parameter values are as for
Figure 2.

FIGURE 8. Entrainment of the oscillations of the model Equa-
tions (1)–(4) by an external oscillatory input PS to the ms-dbB septo-
hippocampal projection population, at a frequency f of 10 Hz. Pa-
rameter values as in Table 1, except PS(t) 5 15(1 1 sin 2pft), with all
time constants equal to 30 ms.
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If only the periodic component of the input PS to the ms-dbB is
eliminated, with a constant excitatory input maintained, then any
externally elicited, higher-frequency, entrained oscillatory activity
of the model obviously will be eliminated, and the oscillatory ac-
tivity will revert to the lower, natural frequency of the feedback
circuit (as in Figs. 2, 3), which, with our two selections of the t
parameters in the model Equations (1)–(4), corresponds to a fre-
quency of about 4 or 6 Hz, respectively. This, we suggest, corre-
sponds to the experimental cases of procaine injections into SUM
(Kirk and McNaughton, 1993; Thinschmidt et al., 1995; Mc-
Naughton et al., 1995), the effect of which, we assume, is to selec-
tively eliminate the rhythmic, phasic activity of SUM cells, leaving
the tonic input from PH intact.

DISCUSSION

In this paper we have 1) proposed that the septal-hippocampal
feedback circuit we describe is a mechanism for the production of
low-level GABAergic, interneuron-mediated hippocampal theta
activity; 2) described a coarse-grained population activity-based
computational model of this circuit and demonstrated its dynamic
properties through bifurcation analysis via simulation of the mod-
el; 3) shown that these dynamic properties are highly consistent
with the proposal that the circuit is a mechanism for the produc-
tion of theta activity; and 4) shown that various manipulations of
the model, which mimic experimental manipulations of the bio-
logical circuit, influence the oscillatory dynamics of the circuit in a
manner consistent with the effect that these experiments have on
hippocampal theta activity. These manipulations include intrasep-
tal infusion of the GABA agonist muscimol, and procaine injec-
tions and lesions of the ascending brain-stem nucleii, the posterior
hypothalamus (PH), and the supramammillary nucleus (SUM),
which send afferents to the ms-dbB and have been postulated as the
main components of a theta-controlling system from the RPO to
the ms-dbB.

In particular, we investigated the dynamic behavior of the hip-
pocampal-septal feedback circuit, using bifurcation analysis, and
we showed that a stable oscillatory regime exists for a wide range of
parameters of the circuit. We also found that the frequency of this
oscillation stays almost constant under variation of the parameters,
and, for a physiologically reasonable choice of time parameters in
the model, the frequency is about 6 Hz. On this basis we postulate
that 1) this robust oscillation represents the low level “residual”
theta rhythm maintained by the GABAergic septo-hippocampal
projections which remains after the selective and total elimination
of cholinergic ms-dbB projections to the hippocampus (Stewart
and Fox, 1989a,b; Lee et al., 1994; Vertes and Kocsis, 1997) , and
2) that the almost constant frequency of the oscillation is consistent
with the hypothesis that variations in theta frequency are due pri-
marily to external modulatory influences from brain stem afferents
(Kirk, 1998).

Further support for our proposal is based on the phase relation-
ships between the oscillatory activity in each of the populations in

the septal-hippocampal feedback circuit. In particular, the simula-
tions of the model shown in Figures 2 and 3 show that the ms-dbB
PV-containing nonpyramidal cell population oscillates with a
phase advance of approximately 62° relative to the CA1 pyramidal-
cell population. This appears to be consistent with the experimen-
tal results of Bland et al. (1999). In simultaneous recording of
septo-hippocampal cell pairs which showed rhythmic activity dur-
ing hippocampal theta, the rhythmic bursts of the so-called medial
septum theta-ON cells, phase-locked to theta, precede those of the
CA1 hippocampal theta-ON cells by about 90–100° (Fig. 2 of
Bland et al., 1999) of the theta period. They also showed, from a
correlation between the septal-cell activity and the hippocampal
theta field activity, the former lagging behind the latter by about
70°. Since hippocampal field activity was recorded from the mo-
lecular layer of the dentate gyrus, the CA1 hippocampal activity
would be expected to be in 180° phase shift with this, resulting in
a phase lead of the septal activity over the CA1 hippocampal activ-
ity of about 110°, consistent with the above result. In our model,
we demonstrate (Fig. 2) a phase lead of approximately 65°, which
is within a reasonable range of the experimental result given the
coarse-grained nature of the model.

Relationship to Existing Theories of
Hippocampal Theta Production

Previous work related to our proposals starts with that of
McLennan and Miller (1974), who proposed a mechanism for
theta production which also involved a feedback system between
septum and hippocampus. However, their circuit differed consid-
erably from that which we propose. In their circuit, McLennan and
Miller (1974) suggested the existence of a recurrent collateral in-
hibitory circuit located in the lateral septum region, under excita-
tion from the hippocampus via the fimbria. They proposed that
neural activity in the hippocampus is responsible, through projec-
tions to the lateral septum, for the generation of phasic activity in
the lateral septum, mediated by this recurrent circuit. Projections
from the lateral septum to the medial septum are then responsible
for the rhythmic discharge exhibited by medial septum neurons,
which is then projected back to the hippocampus. They also pro-
posed that a direct inhibitory input to the medial septum from the
hippocampus, via the fimbria, serves to synchronize the rhythmic
discharge of the medial septum neurons, by a “reset” mechanism
which originates in the hippocampus. This form of feedback cir-
cuit, from the hippocampus via the lateral septum, medial septal,
and back to the hippocampus, which generates the rhythmic ac-
tivity in the lateral septum, and transmits it to the medial septum
and thence back to the hippocampus, with an additional synchro-
nizing input from hippocampus direct to the medial septum, must
now be viewed as less likely to be a source of theta, since the lateral
to medial septum projection has been shown to be sparse in the rat
(Leranth et al., 1992; Witter et al., 1992), as well as in the guinea
pig and monkey. This theory was further promoted in McLennan
and Miller (1976), where it was reported that ipsilateral sections of
the fimbrial input to the septum from the hippocampus, which
include the projections to both the medial and lateral septum de-
scribed above, almost completely eliminated (in all but 2 out of 11
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neurons) the rhythmic bursting discharge pattern normally exhib-
ited by medial septum neurons.

Stewart and Fox (1989a) tested the idea that a hippocampal-
septal feedback circuit is responsible for the production of theta.
They reported that cooling the fimbria/fornix reversibly elimi-
nated the hippocampal theta rhythm, but had no effect on 21 out
of 25 rhythmic ms-dbB cells tested. Out of the 4 cells that lost their
rhythmicity during cooling, 2 were tested with atropine and were
found to be atropine-resistant, i.e., GABAergic cells. However,
atropine-resistant cells were also found among those cells which
maintained rhythmic firing during cooling of the fimbria/fornix.
This seemed to indicate that these cells and the cholinergic (termed
the atropine-sensitive by Stewart and Fox, 1998a) cells in ms-dbB
which Stewart and Fox (1998a) were mainly observing do not
depend on the periodic output from the hippocampus for their
rhythmic firing.

In follow-up work, Stewart and Fox (1989b) showed that injec-
tions of large doses of atropine produced an almost complete loss of
theta, but that a “residual theta rhythm” (i.e., theta that could not
be detected by conventional techniques) was uncovered by trigger-
ing the hippocampal EEG on the ms-dbB neurons that continued
to fire rhythmically in the absence of theta. Since atropine com-
pletely blocked septal cholinergic influences on the hippocampus,
it was reasoned that residual theta was mediated by rhythmically
firing GABAergic septo-hippocampal neurons. Supporting this
conclusion, Lee et al. (1994) demonstrated in behaving rats that
the selective and total elimination of cholinergic ms-dbB projec-
tions to the hippocampus significantly reduced the amplitude of,
but did not eliminate, hippocampal theta, leading to the conclu-
sion that low-amplitude theta was maintained by GABAergic
septo-hippocampal projections.

This raises the questions: 1) did the fimbria/fornix cooling in the
Stewart and Fox (1989a) experiment completely eliminate theta,
or, as in the later Stewart and Fox (1989b) experiments, did a
residual GABAergic-mediated theta remain; and 2) if a residual
theta was still present, did the GABAergic septo-hippocampal pro-
jections remain intact during cooling, as the results of Lee et al.
(1994) suggest must be the case? If some of these projections did
remain intact, then continuing rhythmic activity of GABAergic
cells, produced by the septal-hippocampal feedback circuit, during
the cooling experiment, is feasible, although, we admit, unlikely
with such weakened connections.

At present, however, the most popular theory for the production
of hippocampal theta is the existence of so-called medial septal
“pacemaker” neurons (Petsche et al., 1965; Stumpf, 1965; Vino-
gradova, 1995; Vertes and Kocsis, 1997), i.e., rhythmically dis-
charging neurons, which have been shown by Vinogradova (1995)
to retain their rhythmic, pacemaker-like, discharge patterns in the
case of partial or complete lesions of the afferent projections to the
ms-dbB, strengthening the case that these neurons are the sole
source of theta activity. We make the strong point here that while
we propose that the septal-hippocampal feedback circuit which we
have identified and modeled can in itself produce the rhythmic
activity which is observed as theta activity, this does not rule out
the possibility that a major function of the circuit may well be to
enhance the effect of the septal pacemaker neurons. Indeed,

Petsche et al. (1965) observed that rhythmically discharging me-
dial septum neurons do not fire in perfect synchrony, and a role of
the feedback circuit may be to impose synchrony on the endoge-
nous rhythmic activity of these cells.

In this paper, we have proposed the septal-hippocampal feed-
back circuit principally as the mechanism for the rhythmic sup-
pression of interneuronal activity in the hippocampus which is
observed as low-level theta activity (Vertes and Kocsis, 1997). That
is, we are concerned with only the component of theta activity
mediated by the rhythmically bursting GABAergic ms-dbB neu-
rons, rather than that mediated by the cholinergic, atropine-sensi-
tive cells in ms-dbB. However, since the cholinergic and GABAer-
gic cells are interconnected (Brauer et al., 1998), it is likely that if
either class of ms-dbB cells has endogenous rhythmic behavior,
then this will also be observable in the other class. Thus we do not
rule out the possibility that the GABAergic cells, as well as the
cholinergic, atropine-sensitive cells, in ms-dbB will continue some
form of rhythmic bursting behavior in the absence of feedback
from the hippocampus, as might be the case in cooling of the
fimbria/fornix, i.e., our proposal does not directly contradict the
hypothesis that there are cells in ms-dbB which are intrinsically
rhythmic and do not depend on hippocampal input for their
rhythmicity.

Indeed, if we consider the cholinergic cells to constitute the
majority of rhythmic bursting cells in the ms-dbB (Apartis et al.,
1998) and we regard their projections to the ms-dbB GABAergic
cell population in the current model as an excitatory periodic input
to this population, the simulated oscillatory behavior of this result-
ing, very simplified, model of the feedback circuit superimposed
on an intrinsic “septal pacemaker” would be identical to that
shown in Figure 8, where we postulated rather that the periodic
input was from the ascending brain-stem inputs to the medial
septum. Thus it is shown that the feedback circuit could indeed
serve principally to synchronize the action of intrinsically rhythmic
pacemaker cells in the ms-dbB. However, a more detailed model,
which incorporates the interaction between two ms-dbB cell pop-
ulations, in particular the cholinergic activation of the GABAergic
cell population and the postulated rhythmic inhibition of the cho-
linergic ms-dbB cells by the GABAergic ms-dbB cells (Lee et al.,
1994; Brazhnik and Fox, 1997), is necessary to fully simulate and
demonstrate this behavior.

It is interesting to note that others may well have considered the
interaction of excitatory and inhibitory cell populations in the
septal-hippocampal system as a mechanism for production of the-
ta-related rhythmic activity, but have discarded the hypothesis as a
result of failure to obtain sufficiently low-frequency oscillations in
the theta range, using physiologically plausible membrane time
constants in the population equations. Our results in this respect
may differ from previous attempts in this direction in two respects:
1) the model involves a chain of four cell populations in the feed-
back circuit, which theoretically and empirically extends the over-
all period of the circuit oscillations, compared to, say, two recip-
rocally interconnected populations; and 2) recent physiological
experiments have revealed a large variety of nonpyramidal cell
types in the hippocampus and a correspondingly wide range of
electrophysiological characteristics of these cell types (e.g., Ali et
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al., 1998), including membrane time constants and postsynaptic
potential decay rates. Such a wide variation in these characteristics,
and in the interconnectivity patterns of interneuronal populations,
offers the possibility that different cell types can participate in a
range of feedback circuits which are capable of generating frequen-
cies of oscillations ranging from theta to the 200-Hz ripples ob-
served in CA1 during slow-wave sleep and quiet wakefulness.

Relationship to Previous Work on Septo-
Hippocampal Feedback Inhibition

As originally suggested by Hasselmo and Schnell (1994) and
Hasselmo et al. (1995), a septo-hippocampal inhibitory feedback
circuit appears to be an essential mechanism for the matching
process in CA1 and the learning/recall processes in CA3 which
would be necessary to support a familiarity vs. novelty detector role
for the hippocampus. In this case, however, inhibition is mediated
by cholinergic afferents from medial septum, through the mecha-
nisms of enhancement of currents mediating adaptation, and sup-
pression of intrinsic excitatory synaptic transmission. In the
present paper, however, we explore the possibly complementary
role of the direct hyperpolarizing effect of the GABAergic projec-
tions from ms-dbB on the inhibitory interneurons in the hip-
pocampus as a feedback mechanism for rhythmically controlling
the dynamics of learning in CA1 and CA3.

A possible computational role for this theta-frequency rhythmic
inhibition of interneurons by septal projections is examined in
Hasselmo et al. (1996) and Sohal and Hasselmo (1998a,b). The
role proposed by Sohal and Hasselmo (1998a,b) is one of improv-
ing disambiguation in the retrieval of sequence memories, where
the sequences have the same starting point. The model used to
examine this was an analogue network model of region CA3, and
the effect of the theta rhythm was to rhythmically change the level
of GABAB suppression of synaptic transmission in recurrent con-
nections in the network. The role proposed in Denham and Mc-
Cabe (1998) for the rhythmic inhibition of synaptic transmission
in the hippocampus was a somewhat simpler one: that of resetting
the cycle of predictive learning in CA3 to limit the prediction time
to the theta period. This follows from the somewhat different role
assigned to CA3 in Denham and McCabe (1998), as a predictive
learning network underlying familiarity/novelty detection, rather
than as a sequence-learning and retrieval network underlying spa-
tial navigation.

Predictive Capability of the Model

The bifurcation curves shown in Figures 5 and 6 provide a
concise and graphic description of the effect of manipulating the
values of the connection strengths between the four cell popula-
tions in the model feedback circuit on its limit cycle behavior. If
this model is an accurate, though coarse-grained, representation of
the septal-hippocampal feedback circuit, then the bifurcation
curves also provide a prediction of the effect on hippocampal theta
of experimentally varying the connection strengths in the biologi-
cal circuit, if physiologically possible.

Limitations of the Model

Our current model does not incorporate a number of important
additional features of the anatomical feedback circuit. This is be-
cause we wished here to consider only a minimal computational
model which was sufficient to demonstrate robust, theta-frequency
oscillatory behavior, and yet simple enough to allow us to carry out
a comprehensive bifurcation analysis of this behavior. In particu-
lar, we did not model the cholinergic neurons in the ms-dbB,
which are also the target of the same hippocampal projections
which terminate on the PV-containing inhibitory cells. These cho-
linergic neurons project to the pyramidal cells of the CA1 and CA3
regions of the hippocampus, where they have an excitatory effect
on the latter cells, either directly or through a presynaptic termi-
nation on the inhibitory synapses on pyramidal cells formed by the
feedback or feedforward interneurons in these regions (Freund and
Gulyas, 1997; Levey et al., 1995). The cholinergic projection cells
also strongly affect excitatory synaptic transmission, as well as in-
hibitory synaptic transmission, in CA1 and CA3 (Hasselmo et al.,
1995), as also noted above. Within the medial septum, they are
also reciprocally connected to the GABAergic septo-hippocampal
projection cells.

Also, we did not model the PV-containing, hippocampal inter-
neuron populations and the projections which the GABAergic
ms-dbB neurons make on them. It is thought that these popula-
tions are involved in substantially distinct inhibitory circuits to
those of the CB-containing nonpyramidal cells (Gulyas et al.,
1991), and are probably significant in the maintenance of synchro-
nous activity among hippocampal pyramidal and granule cells in
the gamma frequency range (40–100 Hz) during each theta cycle
(Chrobak and Buzsaki, 1998). The introduction of PV-containing
cells in an extended model that we examined (unpublished) does
not alter the fundamental theta frequency dynamic characteristics
of the feedback circuit model as described here.

The circuit as proposed only considers the feedback interaction
between ms-dbB and the CA1 region, whereas there are also strong
GABAergic septal projections to CA3 interneurons (Freund and
Antal, 1988), probably stronger than those to CA1 interneurons.
We examined an extended model (unpublished) which includes
these projections, in which we also modeled the CA3 pyramidal-
cell population. In this model we postulated the target CA3 inter-
neurons as feedback interneurons, and we showed that this has
little effect on the dynamics of the feedback circuit as described in
this paper. The effect is simply to drive the CA3 pyramidal cells in
an oscillatory manner, which then makes the input PCA3 to the
feedback circuit, as originally described, oscillatory. This simply
reinforces the resulting stable limit cycle dynamic behavior, and
the bifurcation diagrams are virtually unchanged.

A further enhancement to the circuit would be to include a
direct projection back from the projection cell population in ms-
dbB, to the hippocampo-septal projection cells in CA1, rather than
just to the CA1 interneurons. This brings the circuit closer to that
originally proposed by Toth et al. (1993), where this direct, mono-
synaptic feedback path was first identified. The effect of modifying
the circuit in this way, for two different strengths of this connec-
tions, is shown in Figure 9a,b. These simulations show that, if the
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connection strength is set equal to that of the septal projection to
the CA1 interneuron population, the result is a reduction in the
natural frequency of the circuit, from 6 Hz, as in Figure 2, to 4 Hz
(Fig. 9a). If the connection strength is set to half that of the pro-
jection to the interneurons, the reduction in frequency of oscilla-
tion is to 5 Hz (Fig. 9b). Finally, further experiments show that
increasing this connection strength from zero results in an almost
linear falloff in oscillation frequency, up to a particular value of
connection strength (for the set of parameter values in Table 1, this

value is around 10, i.e., about 25% greater than the strength of the
septal projection to the interneurons). At this value the frequency
falls off rapidly, from 3.5 Hz at a connection strength of 10, to zero
(no oscillations) at a connection strength of 11.5 and greater.
These results therefore appear to further enhance the validity of our
claim that the feedback circuit plays a major role in the production
of the GABA-mediated low-frequency rhythmic behavior of the
septo-hippocampal system.

We also made a preliminary bifurcation analysis of this extended
version of the circuit, and interestingly, the picture is more com-
plicated. In addition to the supercritical Andronov-Hopf bifurca-
tions, which alone exist in the original circuit, there are now sub-
critical Andronov-Hopf and other forms of bifurcation. From
these initial studies, it appears that there is still a large region of the
model parameter space in which there exists a stable limit cycle at
theta frequency. However, further bifurcations exist, leading to
other forms of oscillatory behaviors, and these are the subject of our
ongoing investigations.

Finally, the effect of the serotonergic projections to both ms-
dbB neurons and hippocampal neurons has been postulated as a
mechanism for the disruption of theta, and hence should form part
of a comprehensive computational model of the production and
elimination of hippocampal theta activity. Work is currently in
progress to expand our model in all the above respects, and also to
study the circuits involved using more fine-grained neuron models.
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APPENDIX

Andronov-Hopf Bifurcation

In this Appendix we first give an intuitive explanation of the
Andronov-Hopf bifurcation without mathematical details and for-
mulas. Then we introduce a mathematical description of the An-
dronov-Hopf bifurcation. It is convenient to explain the main
ideas for a general system of differential equations, and after that to
relate these to the particular model Equations (1)–(4) which we
consider in this paper.

Intuitive explanation

The mathematical model in Equations (1)–(4) describes the
dynamics of the activity of four neural populations. This model is
a deterministic system, which means that fixing the initial condi-

tions of the activities of each neural population at zero time com-
pletely defines all further dynamic behavior of this system. We can
imagine the evolution of the activities of the system from zero time
onwards as the movement of some “representing point” (current
point) of the system in a four-dimensional (4-D) coordinate space
relating to the four activity variables. This space is called as a “phase
space.” The movement of the representing point is under the con-
trol of the dynamic system in Equations (1)–(4). This movement
in time gives the trajectory in the phase space. Each trajectory is
completely defined by the choice of the initial point (at zero time)
in the phase space, and trajectories do not intersect each other. For
example, Figure 4 shows a particular trajectory (closed curve) in
4-D phase space, projected into different 3-D subspaces.

There is a very important trajectory among all possible trajecto-
ries: it is the so-called equilibrium point (or fixed point, or steady
state, or stationary point). The trajectory is an equilibrium point if
the current position of the “representing point” at all times from
zero onwards coincides with the initial position. This means that
the “representing point” does not move in the phase space but stays
at the initial position, and the activity of each neural population is
stationary (constant in time).

The equilibrium point is stable if any trajectory starting from an
initial point within a small neighborhood of the equilibrium point
(i.e., close to this point) tends to the equilibrium point in time. In
other words, any small perturbation of the system “representing
point” from the stable equilibrium point decays to zero with time.
The stable equilibrium point is often called an attractor, or sink,
because it attracts all trajectories from within a small neighborhood
around the equilibrium point. The equilibrium point is unstable if
any small perturbation of the system from this point does not decay
in time. An unstable equilibrium point is often called a repellor, or
source.

We consider the model in Equations (1)–(4) under the condi-
tion that all parameters are fixed. Now let us suppose that we can
vary one parameter (e.g., PS ) and keep all other parameters fixed
(e.g., at the values in Table 1). Let us suggest that for PS 525, a
stable equilibrium point exists in the phase space of the model in
Equations (1)–(4). What happens to the stable equilibrium point if
we vary the value of this parameter? If we change the parameter
value by a small amount, then the coordinates of the equilibrium
point will also change by a small amount, and it is likely that the
stability of the point will be unchanged. Here we are interested in
a qualitative behavior of trajectories of the model; the variation of
the coordinates of the equilibrium point is not important. The
qualitative picture only is important: all trajectories from a small
neighborhood tend to the equilibrium point. Varying the param-
eter value, it is possible that qualitative picture is changed and that
some (or all) trajectories do not tend to the equilibrium point. This
means that the equilibrium point has lost its stability under the
parameter variation. A critical parameter value when the equilib-
rium point loses its stability is called a bifurcation point. The
bifurcation phenomenon corresponds to the qualitative rebuilding
of trajectories pictured near the equilibrium point.

There are many different types of bifurcations. Here we consider
the Andronov-Hopf bifurcation. The characteristic feature of the
Andronov-Hopf bifurcation is that the equilibrium point loses its
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stability and a new special trajectory appears. This special trajectory
is a small closed curve (similar to a circle) and is called a limit cycle.
If the initial value of the “representing point” is on the limit cycle,
then for all times from zero onwards, the representing point moves
along the curve, periodically returning to the initial point. Thus
the activity of each population is periodically changing with time.
These periodical changes are called oscillations. Thus, due to the
Andronov-Hopf bifurcation, the equilibrium point loses its stabil-
ity, and a small stable limit cycle appears nearby. The trajectories
leave a small neighborhood of the unstable equilibrium point, and
they tend to the stable limit cycle. This means that instead of
stationary behavior, the model demonstrates oscillatory behavior.
The equilibrium point is not an attractor anymore but a repellor,
and the limit cycle is the only attractor. Sometimes the Andronov-
Hopf bifurcation is called as the “limit cycle birth bifurcation.”

The amplitude of the oscillations which appear through the
Andronov-Hopf bifurcation is small, but it increases when the
parameter value deviates from the bifurcation point. The ampli-
tude increases according to the “square root law” of the parameter
deviation. For example, if the parameter deviation from the bifur-
cation point equals 0.01, then the value of amplitude is about 0.1.
The period of oscillations depends on some features of the equilib-
rium point near the bifurcation, and it remains almost constant
with the parameter deviation from the bifurcation point. Thus, the
newborn oscillations have an amplitude which grows up promptly
with the parameter deviation from the bifurcation point, and a
period which is almost constant. The phenomenon of the An-
dronov-Hopf bifurcation is local, in the sense that all events are
happening in a small neighborhood of the equilibrium point, and
the description of the changes in amplitude and period of the
oscillation is correct nearby the bifurcation point only (i.e., for
small deviations of the parameter value from the bifurcation
point). Further changes of the amplitude and period, when the
parameter value is not very close to the bifurcation point, are under
the control of another mechanism, different from the Andronov-
Hopf bifurcation mechanism.

Now, let us suppose that all parameters of the model are fixed
except two, say PS and wIS4 ICA1P . On the plane of these two param-
eters there is a curve of Andronov-Hopf bifurcation points (Fig. 5a,
top left). We can find this curve according to the following proce-
dure. Suppose that the parameter PS equals 25 and the value of the
parameter wIS4 ICA1 is varied in order to find the Andronov-Hopf
bifurcation point. It means that on the plane ~PS, wIS4 ICA1! , we
move the parameter wIS4 ICA1 along the horizontal line PS 5 25, and
on this line we can find the Andronov-Hopf bifurcation point
wIS4 ICA1 ' 44 (this point corresponds to the intersection of the
horizontal line with the curve in Fig. 5a). The left part of this
horizontal line corresponds to the values of wIS4 ICA1 for which a
stable equilibrium point exists, and the right part corresponds to
the stable oscillatory regime. Repeating this procedure for other
values of the parameter PS (e.g., PS 5 25.1, PS 5 25.2, etc.), we can
find other points on the bifurcation curve.

The bifurcation curve in Figure 5a is a boundary of the oscilla-
tory region. Outside of this region, the equilibrium point is stable.
Crossing the boundary at any point and in any direction, moving
from outside the oscillatory region to inside, results in the An-

dronov-Hopf bifurcation: the equilibrium point loses stability and
a stable limit cycle appears. If we choose any values of the param-
eters PS and wIS4 ICA1 inside of the oscillatory region (the values of
other parameters are fixed according to the Table 1), then we will
see oscillations because the equilibrium point is unstable and the
only attractor is the stable limit cycle.

General theory

Let us propose that a model is described by a general system of n
differential equations with n variables x1, x2, . . . , xn and p param-
eters (a1, a2, . . . , ap):

dx1

dt
5 f1~x1, x2, . . . , xn; a1, a2, . . . , ap!,

dx2

dt
5 f2~x1, x2, . . . , xn; a1, a2, . . . , ap!,

. . .

dxn

dt
5 fn~x1, x2, . . . , xn; a1, a2, . . . , ap!. (A1)

One can easily relate the general model (A1) with the particular
model of the septal-hippocampal circuit in Equations (1)–(4). In
this particular model we have four variables (ECA1, ICR1P, ICA1I, IS )
corresponding to (x1, x2, x3, x4), respectively; there are four differ-
ential equations and eleven parameters. Functions ( f1, f2, f3, f4)
relate to the right-hand side functions of the system in Equations
(1)–(4) (normalized by the corresponding values of the time con-
stant parameters t).

It is convenient to use vector and matrix notations and re-write
the system of differential Equations (A1) in a vector form

dx
dt

5 f ~x; a!. (A2)

Here x 5 (x1, x2, . . . , xn), a 5 (a1, a2, . . . , ap), and

f ~x; a! 5

~ f1~x1, x2, . . . , xn; a1, a2, . . . , ap!,

f2 ~x1, x2, . . . , xn; a1, a2, . . . , ap!, . . .

fn~x1, x2, . . . , xn; a1, a2, . . . , ap!).

The vector x0 is an equilibrium point (steady state, fixed point) for
some parameter value a if x0 is a solution of the following equation:

f ~x0; a! 5 0. (A3)

Remark. The system (A3) could have more than one solution.
This means that the model has several coexisting equilibrium
points. Also, system (A3) could have no solutions at all, meaning
that the model has no equilibrium points.

Let us consider some particular equilibrium point x0 of the
system (A2), which exists for parameter values a 5 a0. This equi-
librium point is stable (asymptotically stable) if any trajectory with
an initial value within a small neighborhood of the equilibrium
point tends to this equilibrium point in time.
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There is a useful criterion to find whether the equilibrium point
is stable or not. To use this criterion we need to find a matrix of
partial derivatives of the right hand side of the system (A2) and
calculate the values of these derivatives at the point a 5 a0, x 5 x0.

J 5 **
df1

dx1

df1

dx2

. . . df1

dxn

df2

dx1

df2

dx2

. . . df2

dxn

. . .

dfn

dx1

dfn

dx2

. . . dfn

dxn

**
This matrix J is the linearization matrix of the system (A2), and the
matrix J0 5 J(x0; a0) is the Jacobian matrix of the system (A2) at
the equilibrium point x 5 x0.

Criterion of stability by linear approximation. The equilib-
rium point x 5 x0 is stable (in respect of a linear approximation of
the system) if and only if all the eigenvalues of the Jacobian matrix
J 0 are negative or, if they have complex values, if their real parts are
negative. In other words, all eigenvalues l1, l2, . . . , ln are in the
left side of the complex plane (on the left of the imaginary axis):
Re~lm! , 0, m 5 1, 2, . . . , n.

If at least one eigenvalue has a real part outside of the left part of
complex plane, i.e., is zero or positive, then the equilibrium point
is unstable, i.e., there is a trajectory which does not tend to the
equilibrium point with time.

Let us suppose that we keep all the parameters of system (A2)
fixed except for one parameter, which we denote as b. A variation
of this parameter results in a variation of the coordinates of the
equilibrium point: x0 5 x0(b) (a small variation of the parameter
value corresponds to a small variation of the coordinates). For any
particular parameter value, we can find the stability of the equilib-
rium point x0 5 x0(b) by calculating the eigenvalues of the Jaco-
bian matrix. Suppose that for b 5 b0 the equilibrium point is
stable, i.e., Re~lm! , 0, m 5 1, 2, . . . , n, and under the param-
eter variation the equilibrium point loses its stability in such a way
that a pair of complex-conjugate eigenvalues crosses the imaginary
axis from the left to the right. The critical parameter value we
denote by b* and the Jacobian matrix of the equilibrium point
x0 5 x0(b*)has all its eigenvalues in the left side of complex plane,
except for one pair which is exactly on the imaginary axis:

l1,2 5 0 6 iv, Re~lm! , 0, m 5 3, 4, . . . , n.

This means that the stability criterion has failed. This phenome-
non, when we can see qualitative changes in dynamics (i.e., a stable
equilibrium point becomes unstable), is called a bifurcation of the
equilibrium point.

The critical parameter value b 5 b* and the corresponding co-
ordinates of the equilibrium point x0(b*) are called the bifurcation
point. The particular bifurcation which we discuss here is called
the Andronov-Hopf bifurcation. Let consider this bifurcation in
more detail.

Remark. The Andronov-Hopf bifurcation phenomenon which
we study here is local. It means that we consider parameter values
and coordinates of the equilibrium point in a small neighborhood
of the bifurcation point only.

Suppose that for the Andronov-Hopf bifurcation point b 5 b*,
x0(b*), the equilibrium point is stable if b , b* and unstable if
b . b*. This means that for b , b*, the trajectories of the system
in a small neighborhood of equilibrium points look like spirals,
with decaying amplitude of oscillations, and for b . b* the trajec-
tories in a small neighborhood of equilibrium points look like
spirals with increasing amplitude of oscillations (Fig. A1).

Where does the unstable spiral tend to with time? The An-
dronov-Hopf bifurcation is supercritical if for b . b* there is a
special trajectory which looks like a small closed circle (this trajec-
tory is called a limit cycle) and any trajectory from a small neigh-
borhood of the equilibrium tends to the limit cycle. The limit cycle
is stable if any trajectory from a small neighborhood of this limit
cycle tends to the limit cycle with time. So, for the supercritical
Andronov-Hopf bifurcation point b 5 b*, x0(b*) have:

1. For b . b* the equilibrium point x0(b) is stable and any tra-
jectories in a small neighborhood of this equilibrium tend to the
equilibrium as a spiral with decaying amplitude.
2. For b . b* the equilibrium point is unstable and in a small
neighborhood there exists a stable limit cycle (with shape similar to
a circle); and any trajectory tends to the limit cycle with time. The
limit cycle has been born at b 5 b* and it exists for b . b*.
3. The size of the limit cycle (amplitude of oscillations) increases
continuously from zero, proportional to Îb 2 b*, for b close
to b*.
4. The frequency of the oscillations is given approximately by
v 5 Im(l1,2) and the period is therefore T 5 2p/v, evaluated at
b 5 b*. This formula is exact at the birth of the limit cycle.

Now we consider the case with two active parameters
b 5 (b1, b2) and all other parameters fixed. Assume that a super-
critical Andronov-Hopf bifurcation exists for b 5 b*. Then on the
plane of two parameters (b1, b2) there exists an Andronov-Hopf
bifurcation curve, and the point b 5 b* belongs to this curve. This
curve on the plane of parameters is a boundary between two re-
gions: the first region contains a stable equilibrium point, which

FIGURE A1. Trajectories of 2-D system in a small neighborhood
of the equilibrium point for values of the parameter b less than or
greater than its critical value b** at the bifurcation point.
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becomes unstable after crossing the bifurcation curve. The second
region contains the stable limit cycle and unstable equilibrium.

Application to the septal-hippocampal model

We now illustrate the application of the general theory of An-
dronov-Hopf bifurcation for the septal-hippocampal model de-
scribed by Equations (1)–(4). Assume, for example, that we fix all
parameter values as in Table 1 except for two parameters:
~PS, wIS4 ICA1P!. Figure 5a (top left) shows the Andronov-Hopf bi-
furcation curve on the plane of these two parameters. This means
that at any point on this curve, the Jacobian matrix of the corre-
sponding equilibrium point has a pair of eigenvalues with real part
equal to zero. To find this curve, we used the software package
LOCBIF (Khibnik et al., 1993). This software allows us to find
different bifurcation points and curves for different types of bifur-
cations with one, two, or three active parameters.

The bifurcation curve in Figure 5a separates two regions: the
region where the equilibrium point is stable, and the oscillatory

region where the equilibrium point is unstable but the stable limit
cycle exists. The first region relates to the steady-state (baseline or
background) behavior of neural activity, and the second region
relates to the theta-rhythm oscillatory behavior. Crossing the bi-
furcation curve via any particular path from the first region to the
oscillatory region will result in birth of a limit cycle, with its period
of oscillation in the theta range. We found that along this bifurca-
tion curve, the imaginary part v of the eigenvalues of the Jacobian
of the system varies in narrow bounds, i.e., in the range 40.1–42.5.
This means that the frequency of oscillations nearby to the bifur-
cation curve is in the range 6.4–6.8 Hz. We checked by a very large
number of simulations of the model that inside of the oscillatory
region, the frequency of the limit cycle stays within a similar range.
We obtained similar results for all other bifurcation curves in Fig-
ures 5 and 6: the imaginary part of the eigenvalues varies in a
limited range along the bifurcation curve, and the frequency of
oscillations is kept in the theta rhythm range of 6–7 Hz, both near
the bifurcation curve and inside the oscillatory region.
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